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n∑

k=2

1

k(k − 1)

= 2 +

n∑
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=
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+
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n ≥ N1
B |un − l| < ε

5>M8:U0�9;28MA0�9;M
n ≥ N2

B |vn − l′| < ε
,;X_P@0�2A7x:=0�9;2

n = max(N1, N2)
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l − ε < un ≤ vn < l′ + ε.
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l ≤ l′
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lim

n→+∞
un = lim

n→+∞
wn = l ∈ R

, �e0�3�M42A0�367_R
P@0�2A7_}�965
lim

n→+∞
vn = l.bo�m���

ε > 0
5>M8Z^0�3674?@N;<>2A0�367

N1
5>M
N2
MA5>P@7O}�965 :U0�9;2DMA0�9;M

n ≥ N1
B |un − l| < ε

5>M�:=0�9;2DMA0�9;M
n ≥ N2

B |wn − l| < ε
,6X_P@0�2A7z5>3�:U0-7�R
3'M

N = max(N1, N2)
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n ≥ N

l− ε <un ≤ vn ≤ wn< l + ε.2
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un = (−1)n/n
B
n ≥ 1
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n ≥ 1

B60�3
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n
≤ un ≤ 1

n
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u
MA5>36N ]j5>2A7

+∞ , \ 3e5�]U5>M�B $��m��� A > 0
,o¦10�pdpg5

A
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u
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n ≥ N

B
un > A

,
w'9;:;:U0-7A0�367x�O:;2A<^7A5>3�M {un;n ∈ N} p RZY40�2A<-,6¦15>M15>367�5>p8C;P@5D5^74M1360�3 ]'?@N;5t5>M�p RZY40�2A<QN;0�36Zt:=0-7A7��^N;59;365DCU0�24365D749;:U<>24?@5>9;2A5�}�965�P�q 0�3 360�MA5>2�R

s ∈ R
, \ 3�:�R
24M4?@Z>9;P.?@5>2�B

un ≤ s ∀n ∈ N.
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u
MA5>36N ]j5>2A7

s
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ε > 0
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N ∈ N
MA5>Pc}�965

s− ε < uN ≤ s
,�¦10�pdpg5

u
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n ≥ N
B

s− ε < uN ≤ un ≤ s.
� IF,J|��


_3 N;<^NF9;?.MYN;5^7z?.36<>��R
P.?.MA<^7 � IF,JH���5>M � IF,J|��x}�965 �!�=%)
g���m%)�
n ≥ N

B

|un − s| = s− un< ε.2
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u
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u0 = 1
B
un+1 = sin(un)

74?
n ≥ 0

, �e0�3�M42A0�367OPSR
Z^0�3�]j5>24�j5>36Z^5TN;5

u
,

• un ∈ [0, 1]
:=0�9;2DMA0�9;M

n ≥ 0
� :�R
2�2A<^Z>9;242A5>36Z^5��g[U:=0�9;2

n = 0
BoP@5d2A<^749;P.M�R
M85^7AM�]'2�R
?!5>MO749;:;:=0-7�0�367
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,6X_P@0�2A7x:�R
2zZ>2A0�?@7A7�R
36Z^58N;5DPSROE¡0�36Z>M4?@0�3
sin
749;2

[0, 1]
Bm0�3�R

0 = sin(0) ≤ un+1 = sin(un) ≤ sin(1) ≤ 1,

Z^5D}'9;?c:;2A0�9;]j5DP@5Q2A<^749;P.M�R
M_R
9 2�R
3;�
(n+ 1)

,
• K�0�9;2 MA0�9;M x ≥ 0

B
sin(x) ≤ x

[z0�3 :=5>9;M�P@5 Y 9674M4?�u�5>2 :�R
2 5v{F5>pd:;P@5 5>3 <>M496NF?SR
3�MePSR\EG0�36Z>M4?@0�3
f(x) = x− sin(x)
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• n)R 749;?.MA5 u 5^74MzN;<^Z>2A0�?@7A7 R
3�MA5 [;5>3�5�]U5>M�BF:U0�9;2zMA0�9;M n ≥ 0

B
un+1 = sin(un) ≤ un
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\ 3 Z^0�36Z>P.967A?@0�3cBcPSR 749;?.MA5

u
5^74M8N;<^Z>2A0�?@7A7�R
3'MA5 5>MDpd?.360�2A<^5 :�R
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M4?@0�3

l = sin(l)
B;7A0�?.M

l = 0
,

� �'fk�;
 �c%#�6¢ n)R 2A<^Z>?.:;2A0�}'965 5^74MDE�R
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Z^0�pdpg5d:�R
285v{;5>pd:;P@5

un = (−1)n/n
B
n ≥ 1
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(2)v
N;<^Z>2A0  @MO�

(3) lim
n→+∞

(vn − un) = 0.
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un ≤ vn
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n ∈ N

,;sQ5D:;P.967�B
u
5>M
v
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>pg5DP.?.pd?.MA5

l = sup{un;n ∈ N} = inf{vn;n ∈ N}.

l
5^74MYR
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3'M

un ≤ l ≤ vn
:=0�9;2xMA0�9;M

n ∈ N
,

�e0�3�M42A0�367OZ^5^7�R �g24p R
M4?@0�367 [UPSR 749;?.MA5
(v − u)

5^74M�N;<^Z>2A0�?@7A7�R
3'MA5g5>MDMA5>36N�]j5>2A78� N;0�36ZdNoqJR
:;2A�^7DP@5
M4�6<^0�2A�>pg5OIF, V�B
0 = inf{(vn − un);n ∈ N} , \ 3�:�R
24M4?@Z>9;P.?@5>2�B�:=0�9;2xMA0�9;M n ∈ N

B
un ≤ vn
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u
5^74M�R
P@0�2A7t9;365 749;?.MA5 Z>2A0�?@7A7�R
3�MA5 5>MQp RZY40�2A<^5O:�R
2

v0
N;0�36Z Z^0�3�]j5>24�j5 ]j5>2A7

sup{un;n ∈ N} 5>MtN;5p�
>pg5-B
v
5^7AM_9;365T749;?.MA58N;<^Z>2A0�?@7�7�R
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2

u0
N;0�36ZTZ^0�3�]j5>24�j5T]j5>2A7

inf{vn;n ∈ N} ,=wFR�Z���R
3�M}'965QPSRdNF? ]U<>2A5>36Z^5
(v − u)

MA5>36N ]j5>2A7t�FB;0�3 0�C;M4?@5>3�M_}�965
u
5>M
v
MA5>36N;5>3'MY]j5>2A7xPSR p�
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wn = (−1)n/n
B
n ≥ 1

Bo5>M80�3 :=0-7�5
un = w2n−15>M

vn = w2n
B
n ≥ 1
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u
5>M
v
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u ∈ CN N u � 3 8 � =�J��H= : 4 = 5 : =�79ET=�<
AQ=�8 5 : 4 : � M � J 564 = JLSL=�EXET= ( � = (un))n∈N = 5 : � M � J 564 = 4 A � � 4 8 � 4 J>= ( �!A (un))n∈N � 3 8 �0=�J �9=�8 5 N
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limn→+∞ un = l ∈ C
, ��0�3'M42A0�367 }'965

lim
n→+∞

�Y5
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(l) ∈ C

5>M
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n→+∞

��p
(un) =

� p
(l) ∈ C
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ε > 0

, 
_3 ZA�60�?@7A?.M
N ∈ N

MA5>P)}�965Q:U0�9;2xMA0�9;M
n ≥ N

B |un − l| < ε
, \ 3�:�R
24M4?@Z>9;P.?@5>2�Bm0�3 R

| �_5 (un) − �Y5
(l)| = | �Y5 (un − l)| ≤ |un − l|< ε.

� Pc5>3 ]�R N;5Dp�
>pg5�:=0�9;2zPSRT:�R
24M4?@5�?.p R
�-?.3�R
?.2A5-,
�_<^Z>?.:;2A0'}'965>pg5>3�M�B�0�3�749;:;:U0-7A5 }�965

lim
n→+∞

�_5
(un) = x ∈ R

5>M
lim

n→+∞

��p
(un) = y ∈ R

,#XYP@0�2A7
lim

n→+∞
un = l = x+ iy ∈ C

NoqJR
:;2A�^7zPSR :;2A0�:U0-74?.M4?@0�3�IF, y 7A9;2xPSR 7A0�pdp R
M4?@0�3�N;5^7xP.?.pd?.MA5^7&,
2

f � f � $d\ � `&" m�� $ \ �ik��_`cb � `&" ��� � � k � \�� b�" 
d` [ k b 
dk $
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� ��)L"��S�&���=" aU¢ � *4"#���=�¡���m���;���¡�������%-!�	�c%��S�;�6���'"#hj� / 1�304 =�8 5 u = 5 v GH=B7 � :!7 4X5 =!: J>S =�E ET=!: 3 7 � 3 A M ET= � =�:@N
I � P � 8WG 4X5 � 7?= u =!: 5 36<>�-P.?.�j5�R
C;P@5 GH= � � 8 5 v : � 4 E = � 4 : 5 = 7	8�= :!7 4X5 = (ηn)n∈N

5 =�EXET= � 7?= lim
n→+∞

ηn = 0 = 5
un = ηnvn � M � J 564 J
G � 7	8 � =�J 5 � 4 8WJ � 8 �HN � 8 ET= 8 3�5 =

un =
n→+∞

o(vn).

I � P � 8 G 4X5 � 7 = u =!: 5 <^}�9;?.]-R
P@5>3�MA5 � v : � 4 E = � 4 : 5 = 7	8�=R:�7 465 = (θn)n∈N

5 =�EXEF= � 7 = lim
n→+∞

θn = 1 = 5
un = θnvn � M � J 564 J G � 798 � =�J 5 � 4 8WJ � 8 �HN � 8 ET= 8 3.5 =

un ∼
n→+∞

vn.

� �'fk�;
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365D7�qJR
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n
R�7A7A5>�D�-2�R
36NoB60�3eR

un =
n→+∞

o(vn) ⇐⇒ lim
n→+∞

un
vn

= 0

5>M
un ∼

n→+∞
vn ⇐⇒ lim

n→+∞

un
vn

= 1.

\ 3�:�R
24M4?@Z>9;P.?@5>2�B
un =

n→+∞
o(1) ⇐⇒ lim

n→+∞
un = 0

5>M
un ∼

n→+∞
l ⇐⇒ lim

n→+∞
un = l

$&�
l 6= 0.
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α, a > 0

5>M1MA0�9;MA5D749;?.MA5
u
MA5>36N6R
3�Mx]j5>2A7

+∞ B'0�3R
ln(un) =

n→+∞
o (un

α) , un
α =
n→+∞

o (aun) , an =
n→+∞

o(n!).
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36Z^5^7zN;5
un
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α =
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β
) 74?

α < β.
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9;365D749;?.MA5�MA5>36N6R
3�MY]j5>2A7_� 5>M

α ∈ R∗
,;X_P@0�2A7

ln(1 + un) ∼
n→+∞

un, eun − 1 ∼
n→+∞

un, (1 + un)
α − 1 ∼

n→+∞
αun,

sin(un) ∼
n→+∞

un, 1 − cos(un) ∼
n→+∞

u2
n

2
.
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un ∼

n→+∞
vn ⇐⇒ un − vn =

n→+∞
o(vn).
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un ∼
n→+∞

vn ⇐⇒ ∃θn;un = θnvn
�T:�R
24M4?.2YNoq 9;3 Z^5>24M�R
?.3�2�R
3;� 5>M

lim
n→+∞

θn = 1

⇐⇒ ∃θn;un − vn = (θn − 1)vn
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24M4?.2_Noq 9;3 Z^5>24M�R
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lim
n→+∞

θn = 1

⇐⇒ ∃ηn;un − vn = ηnvn
�T:�R
24M4?.2YNoq 9;3�Z^5>24M�R
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lim
n→+∞

ηn = 0 (ηn = θn − 1).2
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(1) un =
n→+∞

o(vn), vn =
n→+∞

o(wn) =⇒ un =
n→+∞

o(wn);

(2) un =
n→+∞

o(vn), wn =
n→+∞

o(vn) =⇒ un + wn =
n→+∞

o(vn);

(3) un =
n→+∞

o(vn) =⇒ unwn =
n→+∞

o(vnwn).
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n ≥ N2
B
vn = ρnwn
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limn→+∞ ηnρn = 0
,UK�R
2OZ^0�367A<^}�965>3'M�Bc0�3kR C;?@5>3

un =
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(0) un ∼

n→+∞
un;

(1) un ∼
n→+∞

vn ⇐⇒ vn ∼
n→+∞

un;

(2) un ∼
n→+∞

vn, vn ∼
n→+∞

wn =⇒ un ∼
n→+∞

wn;

(3) un ∼
n→+∞

vn, un, vn 6= 0 � M � J 564 J
G � 7	8 � =�J 5 � 4 8WJ � 8 � =⇒ 1

un
∼

n→+∞

1

vn
;

(4) un ∼
n→+∞

vn =⇒ uαn ∼
n→+∞

vαn : 4 α ∈ R =!: 5 � � S �
(5) un ∼

n→+∞
vn, wn ∼

n→+∞
tn =⇒ unwn ∼

n→+∞
vntn.
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θ
MA5>36N6R
3'M�]j5>2A7Q+zMA5>P.P@5_}�965Y:=0�9;2

n
R�7A7�5>�Y�-2�R
36NoB

un = θnvn
,�X_P@0�2A7

θ
5^74M

9;365�749;?.MA5�360�3�3�9;P.P@5T� :�R
24M4?.2YNoq 9;3 Z^5>24M�R
?.3�2�R
3;�6B6N;0�3�M_P�q ?.3�]j5>2A7A58MA5>36N R
967A74?c]j5>2A78+�5>MY0�3�:U5>9;MY<^Z>24?.2A5
vn = (1/θn)un

,
nc5^7tR
9;M42A5^7x:;2A0�:;24?@<>MA<^7t7A5DN;<>pg0�3�M42A5>3'MtN;5Qp R
3;?@�>2A5TR
3�R
P@0��-965-,

2

� �'fk�;
 �c%#�6¢ � �^���'"=�&���="�� 0�38365!:U5>9;M):�R�7#R�N;NF?.M4?@0�3;365>2�N;5^7)<^}'9;?.]-R
P@5>3�MA7�,
K�R
2�5v{F5>pd:;P@5-B
74?
un = n2+n5>M

vn = −n2 B�0�3 R
un ∼

n→+∞
n2 5>M vn ∼

n→+∞
−n2

�eX �4w
un + vn = n 6∼ n2 − n2 = 0.

�_lc�'fk�����k�m¢ sQ<>MA5>24pd?.360�367Y9;3 <^}�9;?.]-R
P@5>3�M_74?.pd:;P@5�N;5
un =

4
√
n4 + 1 − n

[

4
√
n4 + 1 − n = n

(
1 +

1

n4

)1/4

− n.

\ 3�9;M4?.P.?@7 R
3�M
(1 + 1

n4 )1/4 ∼
n→+∞

1/(4n4)
B60�3�0�C;M4?@5>3'M

4
√
n4 + 1 − n = n

(
1 +

1

4n4
+ o

(
1

n4

))
− n =

1

4n3
+ o

(
1

n3

)
∼

n→+∞

1

4n3
.

�Y5>p R
2A}'960�367x}'965D74?mPSRT2�R�Z>?.365D5^7AM�Z�R
242A<^5D0�9 Z>9;C;?@}'965-B;0�3 :=5>9;MzR
967A7A?U0�C;MA5>3;?.2x9;3�<^}'9;?.]-R
P@5>3�Mz5>3 9;M4?.P.?��
7�R
3'MzPSR }�9�R
3'M4?.MA<8Z^0�30Y�9;�-96<^5-,
�_lc�'fk�����eao¢ sQ<>MA5>24pd?.360�367Y9;3 <^}�9;?.]-R
P@5>3�M_74?.pd:;P@5�N;5

un =
nn+1

(n+ 1)n
[

nn+1

(n+ 1)n
= n

(
n

n+ 1

)n
= n

(
n+ 1

n

)−n

= n exp

(
−n ln

(
1 +

1

n

))
.

\ 3�9;M4?.P.?@7 R
3�M
ln(1 + (1/n)) ∼

n→+∞
1/n
B60�3�0�C;M4?@5>3�M

nn+1

(n+ 1)n
=

n→+∞
n exp

(
−n
(

1

n
+ o

(
1

n

)))
= ne−1eo(1).

� Po2A5^74MA5�� 2A5>p R
2A}'965>2Y}�965
eo(1)

MA5>36N ]j5>2A78+QP@0�2A7A}'965
n→ +∞ :U0�9;2YR^]j0�?.2_P�q <^}�9;?.]-R
P@5>3�Mt749;?.]�R
3'M�[

nn+1

(n+ 1)n
∼

n→+∞

n

e
.
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���!�m$&���&���m"�ao¢��F� *��	�c%����;�6����"=��$ ��� �¡��f�������$0/�1 304 =B8 5 u = 5 v GH=B7 � :!7 4X5 =!: J>SL=BE ET=!: 3 7 � 3 A M EF= � =!:5 =�EXEF=�: � 7?= un ∼

n→+∞
vn N � E 3 J!: M 3 79J 5K3 7 5 l ∈ C ∪ {−∞,+∞} [ 3 8 �

lim
n→+∞

un = l ⇐⇒ lim
n→+∞

vn = l.
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�'%)�m��¢ ��P6749 �gM1Noq <^Z>24?.2A5
un = θnvn

:U0�9;2
n
R�7A7�5>�z�-2�R
36NoB'R�]j5^Z

θn
MA5>36N6R
3'M�]j5>2A7_+-B-:;9;?@7�NoqJR
:;:;P.?@}'965>2

PSRT2A�>�-P@5�N;5D:;2A0�NF9;?.MYN;5^7xP.?.pd?.MA5^7&,
2

�_lc�'fk������$ ���j� ao¢ s qJR
:;2A�^7xP@5^7YN;5>9F{ 5v{;5>pd:;P@5^7z:;2A<^Z^<^N;5>3'MA7�B�0�3 R

lim
n→+∞

4
√
n4 + 1 − n = 0

5>M
lim

n→+∞

nn+1

(n+ 1)n
= +∞.

�_lc�'fk�������c¢ sQ<>MA5>24pd?.360�367YPSR P.?.pd?.MA5�N;5
un = n2

(
(n+ 1)1/n − n1/n

) [

(n+ 1)1/n − n1/n = n1/n

((
1 +

1

n

)1/n

− 1

)
= eln(n)/n

(
exp

(
1

n
ln

(
1 +

1

n

))
− 1

)
.

\ 3�9;M4?.P.?@7 R
3�M
ln(1 + 1/n) ∼

n→+∞
1/n
B�0�3 0�C;M4?@5>3�M

(n+ 1)1/n − n1/n = eln(n)/n

(
exp

(
1

n2
+ o

(
1

n2

))
− 1

)
.

sQ5Q:;P.967�B65>3 9;M4?.P.?@7�R
3'M
evn − 1 ∼

n→+∞
vn

:U0�9;2x9;365�749;?.MA5
vn = 1/n2 + o(1/n2)

MA5>36N6R
3�MY]j5>2A7
0
B60�3 R

(n+ 1)1/n − n1/n = eln(n)/n

(
1

n2
+ o

(
1

n2

))
.

� Po2A5^74MA5�� 2A5>p R
2A}'965>2Y}�965
eln(n)/n RT:=0�9;2xP.?.pd?.MA5 1

:=0�9;2Y0�C;MA5>3;?.2YP@5^7z<^}�9;?.]-R
P@5>3�MA7

(n+ 1)1/n − n1/n ∼
n→+∞

1

n2

5>M
un = n2

(
(n+ 1)1/n − n1/n

)
∼

n→+∞
1.

\ 3 Z^0�36Z>P.967A?@0�3cB
u
MA5>36N ]j5>2A7

1
}�9�R
36N

n
MA5>36N ]j5>2A7zP�q ?.3Fu63;?�,
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 �vk 
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����������������

� ��)L"��S�&���=" aU¢¡��� *��jlo��

�;h-�&���m" / � 8�= � M�M�E 4 � � 564 3 8 ϕ : N −→ N =!: 5 G 465 = 5v{FM42�R�Z>M4?@0�3 : 4 =�EXEF=+=!: 5
: 5 J 4 � 5 =�AQ=�8 5 �BJ 304 :!: � 8 5 = N
�_lc�'fk������$-¢

ϕ(n) = n, n+1, 2n, 2n+1, n2, E (exp(n))
7A0�3'M!N;5^7�5v{�M42�R�Z>M4?@0�367�,	
_3 :U5>9;M�360�MA5>2�}'9cq 9;365

5v{FM42�R�Z>M4?@0�3
ϕ
7�R
M4?@7�E�R
?.M_MA0�90Y40�9;2A7

ϕ(n) ≥ n
:=0�9;2QMA0�9;M

n ∈ N
� Z^5^Z>?�:U5>9;MtNoqJR
?.P.P@5>9;2A7 
>M42A5O2�R
:;?@N;5>pg5>3�M

]j<>24?�u�<D:�R
2z2A<^Z>9;242A5>36Z^5��v,
� ��)L"��S�&���=" aU¢¡� * *�$��m%#$���$&%�������$0/ 1�30465 u 798 = :�7 465 = J>S =�E ET= 3 7�� 3 A M ET= � = N � 8�= :!7 465 = v =�: 5 G 4X5 = 7A0�967��749;?.MA5 3 7 7A9;?.MA5�5v{�M42�R
?.MA5 GH= u : � 4 E = � 4 : 5 = 7	8�= = � 5 J � � 564 3 8 ϕ 5 =BE ET= � 7?= M 3 79J 5K3 7 5 n ≥ 0 [ vn = uϕ(n) N
�_lc�'fk������$-¢

v = (un)n∈N, (un+1)n∈N, (u2n)n∈N, (u2n+1)n∈N, (un2)n∈N, (uexp(n))n∈N

7A0�3�MYN;5^7_7A0�967��
749;?.MA5^7zN;5

u
,

\ 3 :�R
24M4?@Z>9;P.?@5>2�B6PSRd749;?.MA5DZ^0�367AM�R
3�MA58<>��R
P@5O� +�5^74Mx9;365D7A0�967���7A9;?.MA5�N;5
(−1)n

,
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���!�m$&���&���m"�ao¢�� � 1�3.4 =�8 5 u, v, w 5 J 304 : :�7 465 =!: J>SL=BE ET=!: 3 7 � 3 A M ET= � =!: N 1%4 v =!: 5 798�= :!7 4X5 = = � 5 J � 4X5 =�GH=
u = 5 w 7	8�= :!7 465 =�= � 5 J � 465 = GH= v [ � E 3 J!: w =!: 5 � 79: : 4 798�= :!7 465 =
= � 5 J � 4X5 = GH= u N
	�

�'%)�m��¢ w�0�?@5>3�M

ϕ
5>M
ψ
N;5>9F{e5v{�M42�R�Z>M4?@0�367QMA5>P.P@5^7Q}'965

vn = uϕ(n)
5>M
wn = vψ(n)

:U0�9;2_MA0�9;M
n ∈ N

,
X_P@0�2A7

wn = uϕ◦ψ(n)
5>M
ϕ ◦ ψ 5^7AMDR
967�74?L9;365d5v{�M42�R�Z>M4?@0�3�Z�R
2�Z^0�pd:=0-7A<^5 N;5dN;5>9F{ R
:;:;P.?@Z�R
M4?@0�367ON;5 NN6R
367

N
74M424?@Z>MA5>pg5>3'MA7_Z>2A0�?@7�7�R
3�MA5^7�,
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���!�m$&���&���m"�ao¢�� � *�$��=%)$���$(%#������$ ���@%�")��$(%#����� h��m"=�m�'
(�m�'"=��� / 1�30465 u 798�=R:!7 4X5 = JLSL=�EXEF= 3 7 � 3 A
<
M ET= � = � 
 � 8 5 7	8�= E 4 A 4X5 = N � E 3 J!: 5K3 7 5 =!: ET=!: : 3 7H:�<K:�7 465 =!:�GH= u 5 =�8 GH=�8 5 � =BJ : E � A��BAD= E 4 A 465 = N
	�

�'%)�m��¢ 
_3e]�R pg0�3�M42A5>2DP@5O2A<^749;P.M�R
MDN6R
367tP@5OZ�R�7Q0 � PSRgP.?.pd?.MA5 N;5

u
5^74MY9;3�2A<^5>P�,=nc5 Z�R�7t0 � 5>P.P@5 5^74M

?.3Fu63;?@5 7A5 M42�R
?.MA5 N;5 p R
3;?@�>2A5�R
3�R
P@0��-965-,�w�0�?@5>3'M
v
9;365 7A0�967���749;?.MA5 N;5

u
5>M
ϕ
P�q 5v{FM42�R�Z>M4?@0�3�R�7A7A0�Z>?@<^5-,

�e0�3�M42A0�367Y}'965
lim

n→+∞
vn = l

,
bo�m���

ε > 0
¢ 
_3 ZA�60�?@74?.M

N
MA5>Pc}�965t:U0�9;2�MA0�9;M

n ≥ N
B |un − l| < ε

,;X_P@0�2A7x5>3 2A5>p R
2A}�9�R
3'MY}'965t7A?
n ≥ N

B;0�3eRdR
967A74?
ϕ(n) ≥ ϕ(N) ≥ N

B;0�3�0�C;M4?@5>3�M_}'965 �!�=%)
d���=%c�
n ≥ N

|vn−l| = |uϕ(n) − l| < ε.2

� ��)L"��S�&���=" aU¢¡� 	 * �;�6����%)
 �����;� �#��

�'"#hj�?/�1 304X5 u 7	8�= :�7 465 = JLSL=�EXET= IUJ>=�:KMVN � 3 A M ET= � = P
= 5 l ∈ R IUJ>=!:UMVN
C P.N l =!: 5 G 4X5 ]�R
P@5>9;2YNoqJR�NF�6<>2A5>36Z^5 GH= u : � 4 E = � 4 : 5 = 798�= :�7 465 = = � 5 J � 4X5 =
GH= u � 3 8 � =�J��H= � 8 5 � =�J!: l N
�_lc�'fk����� ��¢ � :!7 465 = � 3 8 � =�J��H=�8 5 = ��w'? u 5^74ML9;365x749;?.MA5xZ^0�3�]j5>24�j5>3'MA5-B'5>P.P@5zR�NFpg5>M�NoqJR
:;2A�^7!PSRt:;2A0�:U0-74?.M4?@0�3IF,.+&VT9;365D9;3;?@}'965Q]-R
P@5>9;2YNoqJR�NF�6<>2A5>36Z^58}'9;?c5^74MY7�RTP.?.pd?.MA5-,
nc0�2A7�}�9cq 9;365�7A9;?.MA5D3cqJR :�R�7zN;5QP.?.pd?.MA5-B�MA0�967xP@5^7zZ�R�7zN;5Qu6�-9;2A5^7_7A0�3�Mx:U0-7A74?.C;P@5^7&,

�_lc�'fk�����eao¢ � M � :
GH= � � ET=�7	J
G � � G��?S�J>=B8 � = �Yn)Rg7A9;?.MA5 u N;<vu63;?@5�:�R
2 un = (−1)nn
3cqJRgR
96Z>9;365�]-R
P@5>9;2

NoqJR�NF�6<>2A5>36Z^5-, \ 3�5�]U5>M�B�:�R
2_P�qJR
C6749;2AN;5-B=7A0�?.M
(uϕ(n))n≥0

9;365T7A0�967���7A9;?.MA58Z^0�3�]j5>24�j5�R
3'MD]j5>2A7Y9;3eZ^5>24M�R
?.3
l ∈ R

, 
_3 :;2A5>36N
N ∈ N

MA5>P1}�965 :=0�9;2OMA0�9;M
n ≥ N

B |uϕ(n) − l| < 1
, \ 3\:�R
24M4?@Z>9;P.?@5>2�B#:U0�9;28MA0�9;M

n ≥ max(N,E(|l|) + 1)
B60�3�R

n ≤ ϕ(n) = |uϕ(n)| ≤ |l| + |uϕ(n) − l| < |l| + 1 < n,

Z^5D}'9;?)5^74MYR
C6749;2AN;5-,
�_lc�'fk�������c¢ � 7	8 4 � 7 = � � EF=B79J G � � G�� S�JL=�8 � = A � 4 : G 4 � =�J��H=�8 �!= �zn#Rd749;?.MA5 u N;<vu63;?@5�:�R
2
un = n(1 + (−1)n)

B
n ≥ 0

B�R�9;365 9;3;?@}'965 ]�R
P@5>9;2gNoqJR�NF�6<>2A5>36Z^5�}�9;?x5^74M
0
, \ 3i5�]o5>M�B

(u2n+1)n∈N5^74M_PSR 749;?.MA5O74M�R
M4?@0�3;3�R
?.2A5T3�9;P.P@5 N;0�36ZTZ^0�3�]j5>24�j5T]j5>2A7
0
, ��0�3'M42A0�367D}�9658MA0�9;MA5O7�0�967���749;?.MA5TZ^0�3�]j5>24�j5>3�MA5

N;5
u
MA5>36N ]j5>2A7

0
,�¦10�367A?@N;<>2A0�367 N;0�36Z 9;365 7A0�967���749;?.MA5

(uϕ(n))n∈N

Z^0�3']j5>24�j5�R
3�M ]j5>2A7
l 6= 0

,!X_P@0�2A7
:U0�9;2

n
R�7A7A5>�g�-2�R
36NoB

uϕ(n) 6= 0
N;0�36Z

ϕ(n)
5^74M8:�R
?.2�,)K�R
2TZ^0�367A<^}'965>3�M�B

uϕ(n) = 2ϕ(n) ≥ 2n
N;0�36Z

lim
n→+∞

uϕ(n) = +∞ B)Z^5 }�9;?15^74MTR
C6749;2AN;5-, \ 3 Z^0�36Z>P.9674?@0�3cB 0 5^74MOPSR�7A5>9;P@5 ]�R
P@5>9;2 NoqJR�NF�6<>2A5>36Z^5 N;5 up R
?@7
u
365DZ^0�3�]j5>24�j5�:�R�7 � :;9;?@7A}�965

(u2n)n∈N

MA5>36N ]j5>2A7zP�q ?.3Fu63;? �v,
�_lc�'fk����� �)¢ � M�E 79: 4 =�7	J : � � EF=�7	J!:
G � � G�� S�JL=�8 �!= G 4 : 564 8 � 5 =!: � 
_3�Z^0�3674?@N;�>2A5�PSR 749;?.MA5 u N;<vu63;?@5D:�R
2





u3n = n sin
(

1
3n

)

u3n−1 = 1
3n−1

u3n−2 = 3n− 2

, n ≥ 1.
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u
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P@5>9;2YNoqJR�NF�6<>2A5>36Z^58N;5
u
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(u3n)n≥1
5>M

+∞ 5^74MxPSR P.?.pd?.MA58N;5
(u3n−2)n≥1

,
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u
3cqJR :�R�7�NoqJR
9;M42A5 ]�R
P@5>9;2�NoqJR�NF�6<>2A5>36Z^5 }�965
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?@7A0�3;360�367�:�R
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ε > 0

MA5>P�}'965 |l − 0| = |l| > ε
5>M |l − 1

3 | > ε
,)K�R
2TR
?.P.P@5>9;2A7�Bc7�0�?.M�9;365g7A0�967���7A9;?.MA5

(uϕ(n))n∈N
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l
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K�R
2_N;<vu63;?.M4?@0�3 N;5�PSRTP.?.pd?.MA5-B�7A0�?.M
N1 ∈ N

MA5>P)}'965Q:=0�9;2zMA0�9;M
n ≥ N1

B |uϕ(n) − l| < ε/3
,

¦10�pdpg5�PSRz749;?.MA5
(u3n)n∈N

MA5>36N�]j5>2A7
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B&7A0�?.M

N2 ∈ N
MA5>P�}'965!:U0�9;2cMA0�9;M

n ≥ N2
B |u3n− 1

3 | < ε/3
,

sQ5Op�
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N3
5>M
N4
N6R
367

N∗ MA5>P@7D}'9658:U0�9;2tMA0�9;M n ≥ N3
B |u3n−1| < ε/3

5>MQ:U0�9;2_MA0�9;M
n ≥ N4
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u3n−2 > |l| + ε/3

,
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n ≥ max(N1, 3N2, 3N3, 3N4)
B�0�3 R

ϕ(n) ≥ n ≥ N1
B�N;0�36Z |uϕ(n) − l| < ε/3
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R
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|f(x) − f(y)| ≤ λ|x− y| ∀x, y ∈ Df .

�_lc�'fk����� �m¢ n)RTEG0�36Z>M4?@0�3 √· 5^7AMzP.?.:67AZA�;?.M4�^?@5>3;365 N;5D2�R
:;:U0�24M 1/2
7A9;2zP�q ?.3�MA5>24]-R
P.P@5

[1,+∞[
, \ 3�5�]o5>M�B

:U0�9;2xMA0�967
x, y ∈ [1,+∞[

B
|√x−√

y| =
|x− y|√
x+

√
y
≤ 1

2
|x− y|.
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N;5
λ > 0

MA5>P)}�965
|√x−√

y| =
|x− y|√
x+

√
y
≤ λ|x− y|

N;0�36ZD:U0�9;2xMA0�967
x 6= y ≥ 0

B
(
√
x+

√
y) ≥ λ−1.
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x = 1/(16λ2)

B
y = 1/(4λ2)� :�R
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√
y = 3/(4λ)
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f : x 7−→ sin(x)
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x, y ∈ R
B

| sin(x) − sin(y)| = 2

∣∣∣∣ cos
(
x+ y

2

) ∣∣∣∣
∣∣∣∣ sin

(
x− y

2

) ∣∣∣∣ ≤ 2

∣∣∣∣ sin
(
x− y

2

) ∣∣∣∣.
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| sin(x) − sin(y)| ≤ |x− y| ∀x, y ∈ R.
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Df
B
λ > 0

MA5>P@7 }'965
|f(x) − f(y)| ≤ λ|x− y| :U0�9;2zMA0�967 x, y ∈ Df

,
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ε > 0
,;K#0�9;2

η = ε/λ
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x, y ∈ Df
MA5>P@7z}'965 |x− y| < η

B
|f(x) − f(y)| ≤ λ|x− y| < ε.2� �'fk�;
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G 4 J>= 798 M 304 8 5 x0 ∈ I

5 =�E � 7 = f(x0) = x0 P = 5�5K3 7 5 =!: EF=�: :!7 4X5 =�: J>S��B79J�JL=�8 5 =!: GHS � 8 4 =�:VM � J un+1 = f(un) [
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x0
5>M
y0
]j<>24?�u�5>3'M

f(x0) = x0
B
f(y0) = y0

5>M
x0 6= y0

B6R
P@0�2A7

|f(x0) − f(y0)| = |x0 − y0| ≤ λ|x0 − y0| < |x0 − y0|,
y�I



Z^5D}'9;?)5^74MYR
C6749;2AN;5-,
IF,�
_3gpg0�3'M42A5YP�q 5v{F?@74MA5>36Z^5zNF9 :=0�?.3'M!u;{;5�[-0�3du;{;5

a ∈ I 5>M�0�3 Z^0�3674?@N;�>2A5YPSRD749;?.MA5 u N;<vu63;?@5z:�R
2 u0 = a5>M
un+1 = f(un)
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n ∈ N∗

B

|un+1 − un| = |f(un) − f(un−1)| ≤ λ|un − un−1|.
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|un+1 − un| ≤ λn|u1 − a|.
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lim
n→+∞

n−1∑

k=0

(uk+1 − uk) = lim
n→+∞

(un − u0) = l0.
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l = (l0 + a) ∈ I
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l = f(l)
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l
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lim
n→+∞

f(un) = f(l)
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24M

lim
n→+∞

f(un) = lim
n→+∞

un+1 = l
, \ 3 Z^0�36Z>P.9674?@0�3cB

l = f(l)
,
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8 4 = :�79J 7	82=B8?:@=�AQC�ET= 8 3 8 � 4 G9= Df � 3 8 5 =B8 � 8 5 x0

5 =�E � 7?= x0 ∈ Df \ {x0} N � 8WG 465�� 7 = f � G0AQ= 5 798 =
N;<>24?.]j<^5 =�8 x0 : 4 E � � 3 8 � 564 3 8

{
Df \ {x0} −→ R

x 7−→ f(x)−f(x0)
x−x0

� G0AQ= 5 7	8�=�E 4 A 465 = � 8 4 = l =B8 x0 N � 8
8 3.5 = � E 3 J!: l = f ′(x0) N
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f ′g(x0)
� 2A5^74:c,

f ′d(x0)
�v, \ 3d:�R
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f
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f ′g(x0) = f ′d(x0)
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f ′g(x0) = 5 f ′d(x0) = � 4 : 5 =�8 5 A � 4 : G 4 � ��JL=�8 5 N 
_3OZ^0�3674?@N;�>2A5�:�R
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P@5>9;2R
C67A0�P.965
f(x) = |x| 5>3 x0 = 0

, 
_3 R�R
P@0�2A7
f ′g(x0) = −1

5>M
f ′d(x0) = +1

,
f
3cq 5^74M�N;0�36Zz:�R�7�N;<>24?.]�R
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5>3
x0 = 0

,
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f ′g(x0)
3 7 f ′d(x0) =!: 5 4 8�� 8 4 N 
_3�Z^0�367A?@N;�>2A5 f(x) =

√
|x| ,;X_P@0�2A7

lim
x→0+

√
x−

√
0

x− 0
= lim

x→0+

1√
x

= +∞.
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x0 = 0
,
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f ′g(x0)

3 7 f ′d(x0) 8 � = � 4 : 5 = M � :@N 
_3 Z^0�3674?@N;�>2A5

f(x) =

{
x sin

(
1
x

) 74?
x > 0

0
74?
x ≤ 0

,
X_P@0�2A7

f ′g(0) = 0
M�R
36NF?@7Y}'965QPSR N;<>24?.]j<^58� NF2A0�?.MA5�5>3 ��<>2A0d3cq 5v{F?@74MA5Q:�R�7�, \ 3�5�]U5>M�BFP@5QM�R
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9;MQ7A?
x > 0

B
(f(x) − f(0))/(x − 0) = sin(1/x)
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sin(1/x)
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x0 = 0
,
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���!�m$&���&���m" * ¢@a � 8 � 3 8?: 4 G ��JL= 798�= � 3 8 � 564 3 8 f GHS � 8 4 = :!7	J 798 =�8?: =�AQC�EF= 8 3 8 � 4 GH= Df = 5 x0 ∈ Df N1%4
f =!: 5 GHS�J 4 � � C�EF=
=�8 x0 IKJL=!:KMVN GHS�J 4 � � C�ET= � � � 7 � � =![ GHS�J 4 � � C�ET= � G0J 30465 = P�[ � E 3 J!: f =�: 5 � 3 8 564 8 7 = =B8 x0

IKJL=!:UMVN � 3 8 564 8 7 =�� � � 7 � � =![ � 3 8 564 8 7?= � G0J 30465 = P.N
	�

�'%)�m��¢ 
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f
N;<>24?.]-R
C;P@5�5>3

x0
5>MY0�3 360�MA5

g(x) =

{
f(x)−f(x0)

x−x0
− f ′(x0)

7A?
x ∈ Df \ {x0}

0
7A?
x = x0\ 3�:�R
24M4?@Z>9;P.?@5>2�B

g
5^74MzZ^0�3'M4?.3�96585>3

x0
,6sQ5Q:;P.967�B;0�3�RT:U0�9;2zMA0�9;M

x ∈ Df \ {x0}
B

f(x) = f(x0)+(x−x0)f
′(x0)+(x−x0)g(x),

N;0�36Z
lim
x→x0

f(x) = f(x0)+0 ·f ′(x0)+0 ·0 = f(x0).
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x0
5>Mxp�
>pg5�}'965

f(x) =
x→x0

f(x0) + (x− x0)f
′(x0) + o(x− x0).

¦tq 5^74MYZ^5D}'965QP�q 0�3�R
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367x9;3�2A5>:U�>2A5�0�24M4�60�360�24pg<8NF?.2A5^Z>M

(O, I, J)
B�PSR NF2A0�?.MA5�Noq <^}'9�R
M4?@0�3

(y = f(x0) + (x− x0)f
′(x0))

5^74M R
:;:U5>P@<^5�PSReM�R
3;�j5>3'MA5eR
9 :U0�?.3�M N;5�Z^0'0�2AN;0�3;36<^5^7
(x0, f(x0))
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(y = f(x), x ∈ Df )
,
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x > 0
B

|f(x)| =
∣∣∣x sin

(
1

x

) ∣∣∣ ≤ |x|,
N;0�36ZO:�R
2YM4�6<^0�2A�>pg5 N;58Z^0�pd:�R
2�R
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MA5>36N�]j5>2A7

0
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x
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0
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f ′ :

{
Df −→ R

x 7−→ f ′(x)
;

I � P � 3 J : � 7?= f ′ =�: 5 GHSBJ 4 � � C�ET=![ 3 8 � M�M?=�EXET= N;<>24?.]j<^5Q7A5^Z^0�36N;5 E � � 3 8 � 56463 8 f ′′ = (f ′)′ = 5 M � J JLS �B7	J!JL=�8 �!=![3 82GHS � 8 4X5 E � N;<>24?.]j<^5 n ��?@�>pg5 M � J f (n) =
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)′ [ n ≥ 1 � � = � E � � 3 8 � =�8 56463 8 f (0) = f N
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GHS�J 4 � � C�ET=!: n � 304 : = 5 G 3 8 5 5K3 7 5 =!: ET=!: G9S�J 4 � SL=�: � 79: � 7 � � E � n < 4 ��AQ=
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���!�m$&���&���m" * ¢�� � 8 � 3 8?: 4 G ��JL= n ∈ N ∪ {+∞} = 5 f = 5 g GH=�7 � � 3 8 � 564 3 8?:QGH=��BE � : : = Cn :!7	J GH=�:
=�8?: =�AQC�ET=!: Df = 5 Dg J>=�:KM?= � 564 � =BAD=B8 5 N � E 3 J!: �
I � P E � � 3 8 � 564 3 8 (f + g) =!: 5 G9= �BE � : : = Cn :!7	J Df ∩ Dg = 5 M 3 7	J 5K3 7 5 k ∈ {0, · · · , n} [ M 3 79J 5K3 7 5
x ∈ Df ∩Dg [

(f + g)(k)(x) = f (k)(x) + g(k)(x);

I � P � � � 3 8 � 564 3 8 (f · g) =!: 5 GH= �BE � : : = Cn :!7	J Df ∩ Dg = 5 M 3 7	J 5K3 7 5 k ∈ {0, · · · , n} [ M 3 7	J 5K3 7 5
x ∈ Df ∩Dg [ E � � 3 J�A
7	ET= :�7 4 � � 8 5 =![ G 465 = G9= � = 4 C�8 4 � [ =!: 5 : � 564 : � � 4X5 = �

(f · g)(k)(x) =
k∑

j=0

(
k

j

)
f (j)(x)g(k−j)(x);

I � P � 3 J : � 7?= g 8�=�: � � 8%8 79ET= M � :�:�79J Df ∩Dg [ E � � 3 8 � 56463 8 (f/g) =!: 5 GH= �@E � :!:@= Cn :!7	J Df ∩Dg = 5
M 3 7	J 5K3 7 5 x ∈ Df ∩Dg [ (

f

g

)′

(x) =
f ′(x)g(x) − f(x)g′(x)

(g(x))2
;

I �.P � 3 J!: � 7 = g(Dg) ⊂ Df [ E � � 3 8 � 564 3 8 (f ◦ g) =!: 5 GH=��BE � : : = Cn :!7	J Dg = 5 M 3 7	J 5K3 7 5 x ∈ Dg [
(f ◦ g)′(x) = g′(x) · f ′(g(x)).

I � P � 3 J : � 7?= f � G0AQ= 5 7	8�= JLS � 4 M J 3�� 7 = f−1 = 5 =!: 5 5 =�EXEF= � 7?= f ′ 8 =�: � � 8 8 7	ET= M � :�:!7	J Df [ � E 3 J!: M 3 79J5K3 7 5 y ∈ f(Df ) [
(
f−1

)′
(y) =

1

f ′ (f−1(y))
.
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k ≥ 1
,

•k = 1
['0�3 Z^0�3674?@N;�>2A5

x0 ∈ Df ∩Dg
,�XYP@0�2A71:U0�9;21MA0�9;M

x 6= x0 ∈ Df ∩Dg
B'P@5tM�R
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N;5
(f · g) 5>3 x0

]-R
9;M

(f · g)(x) − (f · g)(x0)

x− x0
=

f(x)g(x) − f(x)g(x0)

x− x0
+
f(x)g(x0) − f(x0)g(x0)

x− x0

= f(x) · g(x) − g(x0)

x− x0
+ g(x0)

f(x) − f(x0)

x− x0
.
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x0
B
f
5^74M_R
967A7A?)Z^0�3�M4?.3'965T5>3

x0
N;0�36Z

lim
x→x0

f(x) = f(x0)
5>M_5>3 :�R�7A7�R
3'M

� PSR P.?.pd?.MA5gN6R
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(f · g) 5>3 x0MA5>36N ]j5>2A7

(f(x0)g
′(x0) + g(x0)f

′(x0))
, \ 3 Z^0�36Z>P.967A?@0�3cB�0�3 RTC;?@5>3

(f · g)(1)(x0) =

(
1

0

)
f (0)(x0)g

(1)(x0) +

(
1

1

)
f (1)(x0)g

(0)(x0).

•k > 1
[;0�3 749;:;:=0-7�5_PSROEG0�24p89;P@5Q]�2�R
?@5�R
9 2�R
3;�

(k − 1)
5>Mz0�3 PSRTpg0�3'M42A58R
9 2�R
3;�

k
, 
_3 RO:U0�9;2xMA0�9;M

x ∈ Df ∩Dg

(f · g)(k−1)(x) =
k−1∑

j=0

(
k − 1

j

)
f (j)(x)g(k−1−j)(x).
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:U5D:;2A<^Z^<^N;5>3�MA5

k = 1
�15>M

(
(f · g)(k−1)

)′
(x) = (f · g)(k)(x) =

k−1∑

j=0

(
k − 1

j

)[
f (j)(x)g(k−1−j+1)(x) + f (j+1)(x)g(k−1−j)(x)

]

=

k−1∑

j=0

(
k − 1

j

)
f (j)(x)g(k−j)(x) +

k−1∑

j=0

(
k − 1

j

)
f (j+1)(x)g(k−(j+1))(x)

=

(
k − 1

0

)
f (0)(x)g(k−0)(x) +

k−1∑

j=1

(
k − 1

j

)
f (j)(x)g(k−j)(x)

+
k∑

j=1

(
k − 1

j − 1

)
f (j)(x)g(k−j)(x),
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24?SR
C;P@5_N6R
367!PSR87A5^Z^0�36N;5Y7A0�pdpg5 � ��360�9;]j5�R
9
Y��QR
36Z>?@5>3 Y��T+ � �v, \ 3�9;M4?.P.?@7�R
3'MzPSRTEG0�24p89;P@5�NF9�M424?SR
3;�-P@58N;5�K�R�7�Z�R
P)5>MzP@5^7x?@N;5>3'M4?.MA<^7(
k

k

)
=

(
k − 1

k − 1

)
=

(
k − 1

0

)
=

(
k

0

)
= 1
B60�3�0�C;M4?@5>3�M

(
(f · g)(k−1)

)′
(x) = f (0)(x)g(k)(x) +

k−1∑

j=1

((
k − 1

j

)
+

(
k − 1

j − 1

))
f (j)(x)g(k−j)(x)

+

(
k − 1

k − 1

)
f (k)(x)g(k−k)(x)

=

(
k

0

)
f (0)(x)g(k)(x) +

k−1∑

j=1

(
k

j

)
f (j)(x)g(k−j)(x) +

(
k

k

)
f (k)(x)g(0)(x)

=

k∑

j=0

(
k

j

)
f (j)(x)g(k−j)(x).
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x0 ∈ Dg

5>Mz0�3 Z^0�3674?@N;�>2A5DP@5QM�R
9F{�NoqJR�Z^Z>2A0�?@7A7�5>pg5>3�M_N;5
(f ◦ g) 5>3 x0

B;7�0�?.M

f(g(x)) − f(g(x0))

x− x0
=
f(g(x)) − f(g(x0))

g(x) − g(x0)
· g(x) − g(x0)

x− x0
.

¦10�pdpg5
g
5^74MDN;<>24?.]�R
C;P@5 5>3

x0
B
g
5^74MQR
967�74?�Z^0�3'M4?.3�965g5>3

x0
N;0�36Z

lim
x→x0

g(x) = g(x0)
,=sQ5O:;P.967�B=:�R
2

N;<>24?.]-R
C;?.P.?.MA<TN;58PSR EG0�36Z>M4?@0�3
f
5>3

g(x0)
B�0�3 R

lim
y→g(x0)

f(y) − f(g(x0))

y − g(x0)
= f ′(g(x0))

, \ 3�Z^0�pd:U0-7�R
3'M
P@5^7xP.?.pd?.MA5^7�B�0�3 0�C;M4?@5>3�MYN;0�36Z8}�965

lim
x→x0

(f ◦ g)(x)) − (f ◦ g)(x0))

x− x0
= f ′(g(x0))g

′(x0),

Z-q 5^74M�� �(��NF?.2A5O}�965
(f ◦ g) 5^74MYN;<>24?.]-R
C;P@5�5>3 x0

B;N;5�N;<>24?.]j<^5
f ′(g(x0))g

′(x0)
,

� H�� 
_3�Z^0�3674?@N;�>2A5
x0 ∈ Df

5>MxP@5�M�R
9F{ NoqJR�Z^Z>2A0�?@7A7�5>pg5>3�MQN;5
f−1 5>3 f(x0)

[

f−1(y) − f−1(f(x0))

y − f(x0)
=

f−1(y) − x0

f(f−1(y)) − f(x0)
.

y�`



sQ5e:;P.967�B1P@0�2A7A}�965
y
MA5>36N ]j5>2A7

f(x0)
B
f−1(y)

MA5>36N ]j5>2A7
x0
:�R
2 Z^0�3�M4?.3�9;?.MA<�N;5ePSRkEG0�36Z>M4?@0�3 2A<^Z>?��

:;2A0�}�965 � NoqJR
:;2A�^7�P@5�2A<^7A9;P.M�R
M�7A9;2#P@5^7#�60�pg<^0�pg0�24:;�;?@74pg5^7Lpg0�3'M42A<xN6R
367#P@51ZA��R
:;?.M42A5�:;2A<^Z^<^N;5>3'M!�v,�¦10�pdpg5
f ′(x0) 6= 0

B�P�q ?.3']j5>2A7A5 NF9�M�R
9F{�NoqJR�Z^Z>2A0�?@7�7A5>pg5>3�M�N;5
f
5>3

x0
MA5>36N�]j5>2A7

1/(f ′(x0))
5>MQ5>3eZ^0�pd:U0-7�R
3'M

P@5^7xP.?.pd?.MA5^7�B�0�3 0�C;M4?@5>3�MY}'965
(
f−1

)′
(f(x0)) = lim

y→f(x0)

f−1(y) − f−1(f(x0))

y − f(x0)
= lim

y→f(x0)

f−1(y) − x0

f(f−1(y)) − f(x0)
=

1

f ′(x0)
.2

�_lc�'fk������$-¢ nc5^7xE¡0�36Z>M4?@0�367YM424?.�j0�360�pg<>M424?@}�965^7_2A<^Z>?.:;2A0'}'965^7
arcsin

B
arccos

7A0�3'MzN;<vu63;?@5^7Y5>MYZ^0�3'M4?.3�965^7
749;2

[−1, 1]
5>MzN;<>24?.]-R
C;P@5^7Y749;2

] − 1, 1[
,�sQ5Q:;P.967�BF:U0�9;2zMA0�9;M

x ∈] − 1, 1[
B

(arcsin)′(x) = −(arccos)′(x) =
1√

1 − x2
.

n)RTEG0�36Z>M4?@0�3
arctan

5^74MzN;<vu63;?@5-B�Z^0�3�M4?.3�965T5>MzN;<>24?.]-R
C;P@58749;2
R
MA5>P.P@5�}'965Q:U0�9;2xMA0�9;M

x ∈ R
B

(arctan)′(x) =
1

1 + x2
.

� � f � ^a^C	1�8\L"%" `�jX`cb � " ��bd\L"
��� � �
	 ��� 
 � ��� � � � ��� � 



�
�
�#���m
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 �'f ����� � �m�¡���?/ � 8 � 3 8?: 4 G ��J>= a < b = 5 798�=
� 3 8 � 564 3 8 f : [a, b] −→ R

� 3 8 564 8 7 = :�79J [a, b] = 5 GHS�J 4 � � C�ET= :!7	J ]a, b[ N � E 3 J!: : 4 f(a) = f(b) [ 4 EV= � 4 : 5 = c ∈]a, b[
5 =�E � 7 = f ′(c) = 0 N

	�

�'%)�m��¢�����
 hj�;$ �
f
5^74MzZ^0�3674M�R
3�MA5O749;2

[a, b]
,6X_P@0�2A7x:U0�9;2zMA0�9;M

x ∈ [a, b]
B
f ′(x) = 0

N;0�36Z�0�3 :=5>9;M
:;2A5>36NF2A5D:U0�9;2

c
MA0�9;Mz2A<^5>P)Z^0�3�MA5>3'9eN6R
367

]a, b[
,

a ��fk�kh��;$ �
f
3cq 5^7AM_:�R�7DZ^0�3674M�R
3'MA5d749;2

[a, b]
, �_9;?.M4MA5g�g2A5>pd:;PSR�Z^5>2

f
:�R
2

(−f)
B=0�3�:=5>9;MD749;:;:U0-7A5>2

}'9cq ?.P�5v{�?@7AMA5
x ∈]a, b[

MA5>P�}�965
f(x) > f(a) = f(b)

,csQ5d:;P.967�B
f
5^74M8Z^0�3�M4?.3'965 7A9;2�P@5g7A5>�-pg5>3'M

[a, b]N;0�36Z 5^74M p RZY�0�2A<^5 5>MdR
M4MA5>?.3�M 7 R�CU0�24365 749;:=<>24?@5>9;2A5 }'9;?�3cq 5^7AMT:�R�7
f(a) = f(b)

, 
_3 Z^0�3674?@N;�>2A5 :�R
2
Z^0�367A<^}'965>3�M

c ∈]a, b[
MA5>P�}�965

f(c) = sup{f(x);x ∈ [a, b]} ,=n)5OM�R
9F{ NoqJR�Z^Z>2A0�?@7�7A5>pg5>3�M8� NF2A0�?.MA5ON;5 f
5>3

c
B f(x) − f(c)

x− c

B
x ∈]c, b]

B65^74Mx36<>��R
M4?�E!Z�R
2zP@5Q3'9;pg<>2�R
MA5>9;2t5^7AMx36<>��R
M4?�EL5>MxP@5DN;<>360�pd?.3�R
MA5>9;2t:U0-74?.M4?�E�,
sQ5T:;P.967�BUZ^58M�R
9F{�NoqJR�Z^Z>2A0�?@7A7A5>pg5>3�M8MA5>36N�]j5>2A7

f ′(x0)
Z�R
2

f
5^74MDN;<>24?.]-R
C;P@5 5>3

c
,UK�R
2�Z^0�367�<^}�965>3'M�Bo5>3

:�R�7A7�R
3'M_�TPSR P.?.pd?.MA5�}'9�R
36N
x
MA5>36N�]j5>2A7

c
:�R
2z]�R
P@5>9;2A7Y749;:=<>24?@5>9;2A5^7&B60�3 0�C;M4?@5>3�Mt}�965

f ′(c) ≤ 0.

sQ5Qp�
>pg5-B;P@5QM�R
9F{�NoqJR�Z^Z>2A0�?@7A7A5>pg5>3'Mt�T��R
96ZA�65ON;5
f
5>3

c
B f(x) − f(c)

x− c

B
x ∈ [a, c[

Bm5^74Mx:=0-7A?.M4?�E�Z�R
2zP@5^7
3�9;pg<>2�R
MA5>9;2_5>M�N;<>360�pd?.3�R
MA5>9;2_7A0�3�M�36<>��R
M4?�EG7�,FK�R
2zZ^0�367A<^}'965>3�M�B;5>3 :�R�7A7 R
3�MY�OPSROP.?.pd?.MA5t}'9�R
36N

x
MA5>36N

]j5>2A7
c
:�R
2z]-R
P@5>9;2A7x?.3FEG<>24?@5>9;2A5^7�B60�3 0�C;M4?@5>3'MY}�965

f ′(c) ≥ 0.

\ 3 Z^0�36Z>P.967A?@0�3cB
f ′(c) = 0

,
2

�_lc�'fk�����6¢ 
_3 Z^0�3674?@N;�>2A5Y9;365�EG0�36Z>M4?@0�3
f
N;5zZ>PSR�7A7A5 C2 749;2 R

}'9;?�7�qJR
3;3'9;P@5Y5>3gM42A0�?@7�:=0�?.3'MA7
a < b < c

,
X_P@0�2A7z?.P)5v{F?@74MA5

d ∈]a, c[
MA5>P#}'965

f ′′(d) = 0
, \ 3 5�]U5>M�B

f
5^74MYN;<>24?.]-R
C;P@58749;2

[a, b]
5>M
f(a) = f(b) = 0

,
y��



K�R
2YZ^0�367A<^}'965>3�M�B�NoqJR
:;2A�^7zP@5QM4�6<^0�2A�>pg58N;5��Y0�P.P@5-BF?.Pc5v{F?@74MA5
α ∈]a, b[

MA5>P)}'965
f ′(α) = 0

,;sQ5Qp�
>pg5-B65>3
R
:;:;P.?@}'9�R
3�MYP@5�M4�6<^0�2A�>pg58N;5 �_0�P.P@58�

f
N;<>24?.]�R
C;P@58749;2

[b, c]
B�?.Pc5v{�?@74MA5

β ∈]b, c[
MA5>P)}'965

f ′(β) = 0
,�K�R
2

R
?.P.P@5>9;2A7�B#0�3 :U5>9;MTR
:;:;P.?@}'965>2OP@5 M4�6<^0�2A�>pg5 N;5 �Y0�P.P@5 ��PSR EG0�36Z>M4?@0�3
f ′
}'9;?�5^74MOZ^0�3'M4?.3�965 5>MON;<>24?.]-R
C;P@5

749;2xP�q ?.3'MA5>24]�R
P.P@5
[α, β]

5>Mz}'9;?c]j<>24?�u�5
f ′(α) = f ′(β) = 0

, 
_3 5>3 N;<^NF9;?.MY}'9cq ?.P)5v{F?@74MA5
d ∈]α, β[

MA5>P)}'965
(f ′)′(d) = f ′′(d) = 0

,

��� � � � � � � � ��
 � �	� � � ��� � � �
� � � � � � � � ��� � �
�
�#���m
���fk� * ¢ � * ���m

f�%������#�'$g�;hjhj

�m��$�$&�'fk��"=��$ )L"#��$0/ � 8 � 3 8 : 4 G ��JL= a < b = 5 798�= � 3 8 � 56463 8 f :

[a, b] −→ R � 3 8 564 8 7 = :!7	J [a, b] = 5 GHS�J 4 � � C�ET= :!7	J ]a, b[ N�� E 3 J : 4 E = � 4 : 5 = c ∈]a, b[
5 =�E � 7?=

f ′(c) =
f(b) − f(a)

b− a
.
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_3�Z^0�3674?@N;�>2A5DPSROEG0�36Z>M4?@0�3
F
N;<vu63;?@5�749;2

[a, b]
:�R
2zP�q ?@N;5>3�M4?.MA<

F (x) = (f(b) − f(a))(x− b) − (b− a)(f(x) − f(a)), x ∈ [a, b].

K�R
217A0�pdpg5t5>M1:;2A0'NF9;?.M1N;5zEG0�36Z>M4?@0�367�Z^0�3�M4?.3�965^7x5>M1N;<>24?.]�R
C;P@5^7&B
F
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C;P@5T749;2
]a, b[

,=sQ58:;P.967�B
F (a) = F (b) = (f(b) − f(a))(a − b)

,=K�R
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:;2A�^7tP@5
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c ∈]a, b[
MA5>Pc}�965

F ′(c) = 0.
��PU2A5^74MA5��T2A5>p R
2A}'965>2Y}'965

F ′(c) = 0 ⇐⇒ (f(b) − f(a)) − (b− a)f ′(c) = 0 ⇐⇒ f ′(c) =
f(b) − f(a)

b− a
.2
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[a, b]
MA5>P=}�965YPSRQM�R
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Z^0�9;24CU5_5>3 Z^5Y:U0�?.3�M�5^74M�:�R
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(b, f(b))
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�m��$�$���fk��"=��$ )�"���$0/ � 8 � 3 8?: 4 G ��JL= a < b = 5 7	8�= � 3 8 � 56463 8
f : [a, b] −→ R � 3 8 564 8 7 = :!7	J [a, b] = 5 GHS�J 4 � � C�ET= :!7	J ]a, b[ N 1%4 f ′ =�: 5 C 3 J�8�SL=R:!7	J ]a, b[ [ =�8 M 3 : � 8 5
M = sup{|f ′(x)|;x ∈]a, b[} [ 3 8 �

|f(b) − f(a)| ≤M |b− a|.
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c ∈]a, b[
MA5>P�}'965

(f(b)−f(a))/(b−a) =

f ′(c)
,6X_P@0�2A7

∣∣∣
f(b) − f(a)

b− a

∣∣∣ = |f ′(c)| ≤M.
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f
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λ > 0
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[a, b]
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x0 ∈]a, b[
BF:U0�9;2zMA0�9;M

x ∈]a.b[\{x0}
B

∣∣∣
f(x) − f(x0)

x− x0

∣∣∣ ≤ λ
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B
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�BJ 304 : : � 8 5 =![�� 3 8?: 5 � 8 5 = P2: 4 = 5 :@=B79ET=�AQ=�8 5 : 4 f ′(x) ≥ 0 IUJ>=!:UMVN f ′(x) > 0 [ f ′(x) ≤ 0 [ f ′(x) < 0 [
f ′(x) = 0 P M 3 7	J 5K3 7 5 x ∈ I N
	�

�'%)�m��¢ 
_3 pg0�3'M42A5QNoqJR
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f
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3'MA5_5>M�0�3 ]j5>9;M1pg0�3�M42A5>2z}'965

f ′(x) ≥ 0
:U0�9;2zMA0�9;M

x ∈ I
[�5>3 5�]U5>M�B�74?

x0
5^74Mz9;3 2A<^5>Pou;{F<8N;5

I
B�R
P@0�2A7YP@5DM�R
9F{ NoqJR�Z^Z>2A0�?@7�7A5>pg5>3�MQN;5

f
5>3

x0
7 R
M4?@7�EGR
?.M

f(x) − f(x0)

x− x0
≥ 0

74?
x ≥ x0

5>M f(x) − f(x0)

x− x0
≥ 0

74?
x ≤ x0

,
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x
MA5>36N ]j5>2A7

x0
B;0�3�RTC;?@5>3

f ′(x0) ≥ 0
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f ′(x)
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x ∈ I
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a < b ∈ I
, � P#7A9 �gMQR
P@0�2A7QN;5TZ^0�3674?@N;<>2A5>2

c ∈]a, b[⊂ I
MA5>P;}�965

f ′(c) = (f(b)−f(a))/(b−a) � :�R
2LR
:;:;P.?@Z�R
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f ′(c)

5>M
(f(b) − f(a))

0�3�M_p�
>pg5�74?.�-365-,
2� �'fk�;
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PSR8E¡0�36Z>M4?@0�3
f(x) = 1/x

N;<vu63;?@5�749;2
R∗
RT7�RTN;<>24?.]j<^5D74M424?@Z>MA5>pg5>3'Mz36<>��R
M4?.]j5�749;2�MA0�9;M

R∗
5>M�:=0�9;24M�R
3'M�B
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3�MA5z749;2�MA0�9;M
R∗
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3'MA5z749;2�P�q ?.3�MA5>24]-R
P.P@5

] −∞, 0[
5>MzN;<^Z>2A0�?@7A7 R
3�MA587A9;2xP�q ?.3�MA5>24]-R
P.P@5

]0,+∞[
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�6�¡��$����'$0/ � 8 � 3 8?: 4 <
G ��JL= a < b [ f = 5 g GH=B7 � � 3 8 � 56463 8?:�� 3 8 564 8 7 =!:�:!7	J [a, b] = 5 GHS�J 4 � � C�EF=�:
:�79J ]a, b[

5 =�EXEF= � 7?= g′(x) > 0

M 3 7	J 5K3 7 5 x ∈]a, b[ N � 8 ��� I � P 4 E = � 4 : 5 = c ∈]a, b[
5 =�E � 7 =

f ′(c)

g′(c)
=
f(b) − f(a)

g(b) − g(a)
;

I � P 1 4 M 3 7	J 5K3 7 5 x ∈]a, b[ [ |f ′(x)| ≤ g′(x) [ � E 3 J :
|f(b) − f(a)| ≤ (g(b) − g(a)).
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�'%)�m��¢ � =�A � J � 7 = M JLS�E 4 A 4 8 � 4 J>= [ g′ 36587�qJR
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g′ > 0

B
g
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g(b) > g(a)
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[a, b]
:�R
2xP�q ?@N;5>3�M4?.MA<

H(x) = (f(b) − f(a))(g(x) − g(b)) − (g(b) − g(a))(f(x) − f(a)), x ∈ [a, b].
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]a, b[
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H(a) = H(b) = −(f(b) − f(a))(g(b) − g(a)).
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H ′(c) = 0
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H ′(c) = 0 ⇐⇒ (f(b) − f(a))g′(c) − (g(b) − g(a))f ′(c) = 0 ⇐⇒ f ′(c)

g′(c)
=
f(b) − f(a)

g(b) − g(a)
.
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f(x) = cos(x)
5>M

g(x) = x2/2
B
x ∈ R
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x ∈ [0, π/2]
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|f(π/2) − f(x)| = | cos(x) − 0| = cos(x) ≤ g(π/2) − g(x) =
π2

8
− x2

2
, x ∈ [0, π/2].
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f(x) =
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(x− x0)

2 + · · · + f (n)(x0)

n!
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x→x0

n∑

k=0

f (k)(x0)
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n) .
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∫ b

a

f (n)(t)

(n− 1)!
(b− t)n−1dt.

H
y



	�

�'%)�m��¢ 
_3 :;2A0'Z^�^N;5D:�R
2x2A<^Z>9;242A5>36Z^5O749;2
n ≥ 1

[
•n = 1

[;0�3�RTC;?@5>3
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+

∫ b

a

f (n)(t)

(n− 1)!
(b− t)n−1dt

=
f (n−1)(a)

k!
(b− a)n−1 +

∫ b

a

f (n)(t)

(n− 1)!
(b− t)n−1dt.

� HF,JH��
\ 3\2A5>:=0�24M�R
3'M P�q <>��R
P.?.MA< � HF,JH��8N6R
367 � HF, y9�vB�0�3\0�C;M4?@5>3�M PSR�E¡0�24pO9;P@5 N;5 �#R
�'P@0�2gR^]j5^Z 2A5^74MA5 ?.3�MA<>�-2�R
PzR
9
2�R
3;�

n
,
2

����� ��� � ����
 � ��� ����������� � � � � � � �	

� � � ��� � � 
�� �

� ��h �)�'
(h �)� ���.�jlo��

�'f �U¢ 
_3 2�R
:;:=5>P.P@5D}'965D74?
f
5^7AM�N;<vu63;?c7A9;2x9;3 ]j0�?@74?.3�R
�j5DN;5

x0
B;N;<>24?.]-R
C;P@5D5>3

x05>M�R�NFpg5>M!9;3g5v{FM42A5>p89;p P@0�Z�R
P65>3gZ^5�:U0�?.3�M�B�R
P@0�2A7
f ′(x0) = 0

,-n)RD2A<^Z>?.:;2A0'}'965x5^74M�E�R
967A7A5 � :�R
2�5v{;5>pd:;P@5-B
PSRTN;<>24?.]j<^5�N;5tPSR8E¡0�36Z>M4?@0�3�Z>9;CU5D5^74M�3�9;P.P@5D5>3

0
p R
?@7

0
3cq 5^74M�:�R�7�9;3�5v{�M42A5>pO9;p N;5QPSR8E¡0�36Z>M4?@0�3�Z>9;CU5��v,

¦10�36Z>2A�>MA5>pg5>3�M�B�0�3�2A5>��R
2AN;5 P@5 74?.�-365gP@0�Z�R
P@5>pg5>3�M N;5
(f(x) − f(x0))

5>3kE�R
?@7�R
3'M89;3�N;<>]j5>P@0�:;:U5>pg5>3�M
P.?.pd?.MA< Y 967A}'9cqJ�dMA0�pOC=5>2D749;2_9;3�MA5>24pg5TN;5OPSR EG0�24pg5

ak(x − x0)
k R^]j5^Z ak 6= 0

,=w'?
k
5^74Mt?.pd:�R
?.2�B=R
P@0�2A7

x0
3cq 5^74MD:�R�7�9;3k5v{�M42A5>pO9;p 5>M�74?

k
5^74MD:�R
?.2�BcR
P@0�2A7�749;?.]-R
3�M�}'965

ak
5^74MD:U0-74?.M4?�E10�9 36<>��R
M4?�E4Bo0�3 R 9;3

pd?.3;?.p89;p�P@0'Z�R
P#0�9 9;3�p R({�?.pO9;p P@0�Z�R
P�,

K�R
2d5v{F5>pd:;P@5-B�0�3 Z^0�3674?@N;�>2A5 PSR EG0�36Z>M4?@0�3
f
N;<vu63;?@5 :�R
2

f(x) = cos(x) − ZA� (x) B x ∈ R
,#X_:;2A�^7

Z�R
P@Z>9;P�B60�3 0�C;M4?@5>3'MtR
9 ]j0�?@74?.3�R
�j58N;5
x0 = 0

P@5�N;<>]j5>P@0�:;:U5>pg5>3�M

cos(x) − ZA� (x) =
x→0

−x2 + o(x3).

\ 3�:�R
24M4?@Z>9;P.?@5>2�B�PSROE¡0�36Z>M4?@0�3eR�NFpg5>MY9;3 p R({F?.p89;p P@0�Z�R
Pc5>3
x0 = 0

,

� ��h �)�'
(h �)� ��� �!�m�¡"=��$\���@�¡"�����l)���="!¢ nc0�2A7�}�965
f
5^7AM N;<vu63;?_749;2 9;3�]j0�?@74?.3�R
�j5�Noq 9;3�:U0�?.3�M

x0
5>M

N;<>24?.]-R
C;P@5O5>3
x0
Bm0�3eNF?.MQ}�965

x0
5^74M_9;3e:U0�?.3�MQNoq ?.3 ��5v{�?@0�3 74?

g(x) = f(x) − f(x0) − (x − x0)f
′(x0)ZA��R
3;�j58N;5D74?.�-365D749;?.]-R
3�Mz}'965

x ≥ x0
0�9

x ≤ x0
, \ 3 :�R
24M4?@Z>9;P.?@5>2�B67A?

f
5^74MxN;5>9F{ E¡0�?@7xN;<>24?.]-R
C;P@5D5>3 9;3

:U0�?.3�M�Noq ?.3 ��5v{F?@0�3
x0
B�R
P@0�2A7

x0
7�R
M4?@7�E�R
?.M

f ′′(x0) = 0
,'n)RQ2A<^Z>?.:;2A0�}�965_5^74MLE�R
967A7A5 � Z^0�3674?@N;<>2A5>2

f(x) = x4

5>3 ���v,FsQ5_p�
>pg58}�965t:U0�9;21PSRT2A5^Z��65>2AZA�65�Noq 5v{FM42A5>p RFB60�3 5�]o5^Z>M4965Q9;3�N;<>]j5>P@0�:;:=5>pg5>3'MYP.?.pd?.MA<�R
9 ]j0�?@74?��
3�R
�j5DN;5

x0
5>Mz0�3 0�C;M4?@5>3�MY}'965

x0
5^74M�9;3 :=0�?.3'M�Noq ?.3 ��5v{F?@0�3 74?o5>Mx7A5>9;P@5>pg5>3'Mz74?UPSRT:;2A5>pd?@�>2A5Q:;9;?@7A7�R
36Z^5

N;5
(x− x0)

}'9;?)R
:;:�R
2�R! @M_N6R
367xP@5�N;<>]j5>P@0�:;:U5>pg5>3�MtN;5
g(x)

5^7AMx?.pd:�R
?.2A5-,
H-H



K�R
285v{;5>pd:;P@5-Bc0�3kZ^0�3674?@N;�>2A5dPSR EG0�36Z>M4?@0�3
f
N;<vu63;?@5g:�R
2

f(x) = sin(x) + arcsin(x)
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MA5>36N ]j5>2A7
0
P@0�2A7A}�965

n
MA5>36N ]j5>2A7zP�q ?.3Fu63;?c:=0�9;2_Z^0�36Z>P.9;2A5�}�965

exp(x) = lim
n→+∞

n∑

k=0

xk

k!
=

+∞∑

k=0

xk

k!
, x ∈ R.

�Y5>p R
2A}'960�367z}'965�Z^5>M4MA5�<>��R
P.?.MA<�5^7AMYR
967A74?o]�2�R
?@5D:=0�9;2xMA0�9;M
x ∈ C

,

H-|



� �������	��

� �

� OZW@STG STG UVNXWTY � G E � ? Y ?�� � OQY � G E S@W � Ac?g>

� b ��	�� 

$ ^ � \�� b

� ��)L"��S�&���=" �o¢¡�+*�h��m%#
(�!���#�;

�6fk����
(�'�?/+1�30465 F :

{
I −→ R2

t 7−→ (X(t), Y (t))
7	8�= � 3 8 � 564 3 8 G9S � 8 4 =

:!7	JQ7	8 4 8 5 =�J�� � EXEF= GH= R N � 8 � M�M =�E ET= Z^0�9;24C=5 :�R
2�R
pg<>M42A<^5 M � J F E�� =�8 :@=�AQC�ET= C = F (I) GH=!: M 304 8 5 :
M(t) G9= � 3 3 J>G 3 8 8�S =!: (X(t), Y (t)) [ t G9S �BJ 4 � � 8 5 I N�� 8 8 3.5 =

C :

{
x = X(t)

y = Y (t)

� |F,.+��

�_lc�'fk������$-¢ w�0�?.M
f : I −→ R

9;365�E¡0�36Z>M4?@0�3�� ]�R
P@5>9;2A7Y2A<^5>P.P@5^7�,�X_P@0�2A7Y7 R Z^0�9;24C=582A5>:;2A<^7A5>3�M�R
M4?.]j5O:=5>9;M

>M42A5D]�965DZ^0�pdpg5DPSRdZ^0�9;24CU5D:�R
2�R
pg<>M42A<^5�:�R
2 { x = t

y = f(t)

B
t ∈ I.

nc5 Z^5>2AZ>P@5 Z^5>3�M42A<d5>3
A(xA, yA)

5>MQN;5T2�R��j0�3
r > 0

5^7AM_:�R
2�R
pg<>M42A< :�R
2 { x = xA + r cos(θ)

y = yA + r sin(θ)

B

θ ∈ [0, 2π]
,��_365TR
9;M42A5T:�R
2�R
pg<>M424?@7�R
M4?@0�3 :U0-7A74?.C;P@5ON;5OZ^5TZ^5>2AZ>P@5 5^74M { x = xA + r sin(3θ)

y = yA + r cos(3θ)

B
θ ∈ R

0�9 5>36Z^0�2A5 { x = xA + r 1−t2

1+t2

y = yA + r 2t
1+t2

B
t ∈ R

,
� �'fk�;
 �c%#�6¢ �_3Op�
>pg5�5>367A5>pOC;P@51:=5>9;MLR^]j0�?.2L:;P.9674?@5>9;2A7�:�R
2�R
pg<>M424?@7�R
M4?@0�367�NF? ]U<>2A5>3'MA5^7 � ]j0�?.2#P�q 5v{;5>pd:;P@5
Z>?���N;5^7A74967YNF9 Z^5>2AZ>P@5��v,

� �!� � � jXm	�E	 \_`&" ' ^C�#k "%" ` 
d` �_k ^F� $�	�� ` ' �ik
	 \_k � \�� b�"
	�

���!�m$&���&���m" �c¢@a � 8�:!7�M�M 3 : = � 7 = I =!: 5 7	8 4 8 5 =�J�� � EXEF=Q: 
 AQS 5 J 4 � 7?=�M � JQJ � M�M 3 J 5 � 0 N 1 7 4 � � 8 5 EF=!:
: 
 AQS 5 J 4 =�: G9=!: � 3 8 � 564 3 8?: X = 5 Y [ E � 4 8 � � J 4 � 8 � =
GH= E � � 3 7	J CL= C =!: 5 E � :�7 4 � � 8 5 = �

H
H

H
H

H
HH

X

Y M � 4 JL= 4 A M � 4 J>=
M � 4 JL= < : 
 ADS 5 J 4 � 7 = M � J J � M�M 3 J 5 � (Ox)4 A M � 4 JL= : 
 ADS 5 J 4 � 7 = M � J J � M�M 3 J 5 � (Oy) : 
 ADS 5 J 4 � 7 = M � J J � M�M 3 J 5 � O

HjV



������� |F,.+�� �c2�R�Z^<ON;5QPSRdZ^0�9;24C=5Q:�R
2�R
pg<>M42A<^5 C1

� � 8?: 5K3 7H: ET=!: � � : [ 3 8 M?=�7 5 E 4 A 465 =�J E � S 5 7?GH= GH= E � � 3 79J CL=&M � J � AQS 5 JLSL= � I∩R+ M 7 4 : � � 4 JL= 7	8�= : 
 AQS 5 J 4 =
S�� =B8 5 7?=BE ET= N
�_lc�'fk�����6¢

C1 :

{
x = 2 cos(t)

y = sin(3t)
, t ∈ R.

� F
5^74M

2π
��:U<>24?@0'NF?@}'965�N;0�36Z�0�3 :U5>9;Mz2A5^74M42A5>?.36NF2A5�P�q <>M496N;5O�

I = [−π, π]
,

� X
5^74MQ:�R
?.2A5T5>M

Y
5^7AM_?.pd:�R
?.2A5dN;0�36Z 0�3�:=5>9;MQ7A5TZ^0�3�MA5>3'MA5>28Noq <>M496NF?@5>2

F
749;2

[0, π]
:;9;?@7_EGR
?.2A5T9;365

7 ��pg<>M424?@5D:�R
2x2�R
:;:U0�24M_�
(Ox)

,
� X(π− t) = −X(t)

5>M
Y (π− t) = Y (t)

N;0�36Zt0�3 :U5>9;M17�5tZ^0�3'MA5>3�MA5>2YNoq <>M496NF?@5>2
F
749;2

[0, π/2]
:;9;?@7

E�R
?.2A5Q9;365�7 ��pg<>M424?@5D:�R
2z2�R
:;:U0�24MY�
(Oy)

,
� X

5>M
Y
7A0�3�MQN;58Z>PSR�7�7A5 C∞ ,��!0�?@Z>?#P@5OM�R
C;P@5�R
9eN;5O]-R
24?SR
M4?@0�3eN;5OZ^5^7tN;5>9F{ EG0�36Z>M4?@0�367 � ]j0�?.2_PSRgu6�-9;2A5

:U0�9;2xP@5DM42�R�Z^<�N;5QPSRdZ^0�9;24CU5��Q[
t 0 π/6 π/2

X ′(t) 0 − −1 − −2

X(t) 2 ↘
√

3 ↘ 0

Y (t) 0 ↗ 1 ↘ −1

Y ′(t) 3
� � � �

� �'fk�;
 �c%#�6¢ \ 3\:�R
24M4?@Z>9;P.?@5>2�B)P@5 :=0�?.3'M
A(1, 0)

5^74MONF?.MO:U0�?.3�MTN;0�9;C;P@5 N;5 PSR�Z^0�9;24CU5 C1
Z�R
2T?.P�5v{F?@74MA5

t1 6= t2 ∈] − π, π[
MA5>P@7z}'965

M(t1) = M(t2) = A
, ��Pc5>3�5^74MzN;5Dp�
>pg5D:U0�9;2

B(−1, 0)
,

� � f �]k8b|�8`cb � `&" '��c�8\_b � " 
d`a	 `®�|	1� $�" "�`�jX`cb � "

� ��)L"��S�&���=" �o¢@� *����m�¡"=��$g

���m%��¡����

$.-�$(��"#�m%��¡����

$0/ � 8 � 3 8?: 4 G ��JL= ET= � = � 5 =B79J
−−→
dM

dt
= F ′(t) [ t ∈ I N

� E 3 J : ET= M 304 8 5 M(t0) =!: 5 G 465 2A<>�-9;P.?@5>2 E 3 J : � 7?= � = � = � 5 =�7	J =!: 5 8 3 8 8 7	EFN 1 4 8 3 8?[ 4 E =�: 5 G 4X5 74?.3;�-9;P.?@5>2
I 3 7 : 5 � 564 3 8 8 � 4 JL= P�N
�_lc�'fk������$-¢ �#0�967zP@5^7x:U0�?.3�MA7_N;5QPSRdZ^0�9;24C=5 C1

7A0�3'Mz2A<>�-9;P.?@5>2A7�,
H-`



� ��)L"��S�&���=" �o¢.� * ���6"#����"=���?/ I � P � 3 J!: � 7 � 798 M 304 8 5 M(t0) [ t0 ∈ I [O=!: 5 JLS��07	E 4 =�J![ 3 8 � M�M?=�EXEF= M�R
3;�j5>3'MA5
=�8 � = M 304 8 5 �QE � � 3 7	J@CL= E � G0J 30465 = M � : : � 8 5 M � J M(t0) = 5 GH= � =�� 5 =�7	J G 4 JL= � 5 =�7	J F ′(t0) N
I � P � 3 J!: � 7 = M(t0) =�: 5 : 4 8 �079E 4 =�J [ : � 4 E = � 4 : 5 = p ∈ N∗ 5 =�E � 7 = F =�: 5 G9= �BE � : :@= Cp = 5 5 =�E � 7?= F ′(t0) =

· · · = F (p−1)(t0) = 0 [ F (p)(t0) 6= 0 [ � E 3 J!: 3 8 � MHM?=�EXEF= M�R
3;�j5>3'MA5g�j<>36<>2�R
P.?@7A<^5 =�8 � = M 304 8 5 E � G0J 304X5 =
M � :!: � 8 5 M � J M(t0) = 5 GH= � = � 5 =B79J G 4 J>= � 5 =�79J F (p)(t0) N
�_lc�'fk������$-¢ n)R M�R
3;�j5>3'MA5 � C1

5>3
M(0)

5^74MD]j5>24M4?@Z�R
P@5-BoP@5^7DM�R
3;�j5>3'MA5^785>3
M(π/6)

5>M
M(π/2)

7A0�3�M
�60�24?.��0�3�M�R
P@5^7&,
� �'fk�;
 �c%#�6¢ n)Rz:=5>3'MA5�N;5�PSRxM�R
3;�j5>3'MA5�5>3

M(t0)
:=0�?.3'M#2A<>�-9;P.?@5>2�5^74M�R
P@0�2A7

Y ′(t0)/X
′(t0)

74?
X ′(t0) 6= 0� 5>MzP�q ?.3Fu63;?)7A?.360�3 �v,

	�

���!�m$&���&���m" �c¢ *�� 8 � 3 8?: 4 G ��J>= p < q ∈ N∗ [ 3 8 :�7 MHM 3 :@= F GH=
�BE � : :@= Cq = 5 3 8 � 3 8 : 4 G ��JL= 7	8 M 304 8 5
M(t0) [ t0 ∈ I 5 =�E � 7 =





F ′(t0) = · · · = F (p−1)(t0) = 0

F (p)(t0) 6= 0

F (p+1)(t0), · · · , F (q−1)(t0) � 3 E 4 8 S � 4 J>=!: � F (p)(t0)

{F p(t0), F (q)(t0)} � � A 4 EXEF= E 4 C�JL=
.

� E 3 J :DE�� � E E 7	J>= E 3 � � ET= GH= E � � 3 7	J@C = � 7 � 304 : 4 8 � �H=RGH= M0 = M(t0) =!: 5 JLS!:�79AQSL= G � 8?:DET= 5 � C�ET= � 7 � 4 <
GH=!:!: 3 79: �

H
H

H
H

H
HH

q

p 4 A M � 4 J M � 4 J

M � 4 J
M 304 8 5 3 J>G 4 8 � 4 JL= JL= C�J 3 79: : =�AQ=�8 5 GH= � ��AQ= =!:UM � � =

4 A M � 4 J
M 304 8 5 G � 4 8�� = � 4 3 8 JL= C�J 3 79: : =�AQ=�8 5 GH= � ��JL= =!:UM � � =	�

�'%)�m��¢ \ 3k9;M4?.P.?@7�R
3'M8P@5dM4�6<^0�2A�>pg5 N;5 �#R
�'P@0�2�����0�9;3;� � P�q 0�2ANF2A5

q
Bc0�3�0�C;M4?@5>3�MO}'965dP@0�2A7A}'965

h
MA5>36N

]j5>2A7
0
B;?.Pc5v{F?@74MA5�N;5^7zZ^0�367AM�R
3�MA5^7

αp+1, · · · , αq−1
MA5>P.P@5^7z}'965

F (t0 + h) = F (t0) +


h

p

p!
+

q−1∑

k=p+1

hq

q!
αk


F (p)(t0) +

hq

q!
F (q)(t0) + o(hq).

X_9;M42A5>pg5>3�MDNF?.M�BmN6R
367_P@5�2A5>:U�>2A5
(M(t0), F

(p)(t0), F
(q)(t0))

B6PSR :;2A5>pd?@�>2A5TZ^0'0�2AN;0�3;36<^5 N;5
M(t0 + h)5^74M�<^}�9;?.]-R
P@5>3�MA5D�

hp/p!
M�R
36NF?@7x}�965_PSR87�5^Z^0�36N;5t5^7AM�<^}'9;?.]�R
P@5>3'MA5��

hq/q!
,6w'9;?.]�R
3'M�PSR�:�R
24?.MA<QN;5

p
5>M
q
B

0�3 0�C;M4?@5>3'MzP@5^7YZ^0�pd:U0�24MA5>pg5>3�MA7_P@0'Z�R
9F{ 2A5>:;2A<^7A5>3'MA<^7_Z>?���N;5^7A7A967�,
H-�



������� |F,JI � �c2�R�Z^<ON;5QPSRdZ^0�9;24C=5Q:�R
2�R
pg<>M42A<^5 C2

2

�_lc�'fk�����6¢

C2 :

{
x = cos3(t)

y = sin3(t)
, t ∈ R.

� F
5^74M

2π
��:U<>24?@0'NF?@}'965�N;0�36Z�0�3 :U5>9;Mz2A5^74M42A5>?.36NF2A5�P�q <>M496N;5O�

I = [−π, π]
,

� X
5^74MQ:�R
?.2A5T5>M

Y
5^7AM_?.pd:�R
?.2A5dN;0�36Z 0�3�:=5>9;MQ7A5TZ^0�3�MA5>3'MA5>28Noq <>M496NF?@5>2

F
749;2

[0, π]
:;9;?@7_EGR
?.2A5T9;365

7 ��pg<>M424?@5D:�R
2x2�R
:;:U0�24M_�
(Ox)

,
� X(π− t) = −X(t)

5>M
Y (π− t) = Y (t)

N;0�36Zt0�3 :U5>9;M17�5tZ^0�3'MA5>3�MA5>2YNoq <>M496NF?@5>2
F
749;2

[0, π/2]
:;9;?@7

E�R
?.2A5Q9;365�7 ��pg<>M424?@5D:�R
2z2�R
:;:U0�24MY�
(Oy)

,
� X(π/2 − t) = Y (t)

5>M
Y (π/2 − t) = X(t)

N;0�36ZT0�3�:U5>9;M_7�58Z^0�3�MA5>3'MA5>2�Noq <>M496NF?@5>2
F
749;2

[0, π/4]:;9;?@7�E�R
?.2A5D9;365�7 ��pg<>M424?@5Q:�R
2z2�R
:;:U0�24M_�TPSR :;2A5>pd?@�>2A5DC;?@7�7A5^Z>M424?@Z^5�NF9�:;PSR
3c,
� X

5>M
Y
7A0�3�MQN;58Z>PSR�7�7A5 C∞ ,��!0�?@Z>?#P@5OM�R
C;P@5�R
9eN;5O]-R
24?SR
M4?@0�3eN;5OZ^5^7tN;5>9F{ EG0�36Z>M4?@0�367 � ]j0�?.2_PSRgu6�-9;2A5

:U0�9;2xP@5DM42�R�Z^<�N;5QPSRdZ^0�9;24CU5��Q[
t 0 π/4

X ′(t) 0 − −3
√

2/4

X(t)
+ ↘

√
2/4

Y (t) 0 ↗
√

2/4

Y ′(t) 0
�

3
√

2/4

�
X_9�:=0�?.3'M

M(π/4)
B6PSRTM�R
3;�j5>3'MA585^74MzN;5�:=5>3'MA5 −1

,;nc5D:U0�?.3�M
M(0)

5^74Mz74?.3;�-9;P.?@5>28[;}'9�R
36N
h→ 0

B

F (h) =

(
cos3(h)

sin3(h)

)
=

(
1

0

)
+
h2

2

(
−3

0

)
+
h3

6

(
0

6

)
+ o(h3).

K�R
2_Z^0�367A<^}'965>3�Mt0�3�0�C;M4?@5>3�M
p = 2

B
q = 3

B6N;0�36Z
M(0)

5^74Mz9;3 :=0�?.3�MtN;5D2A5>C;2A0�967A7A5>pg5>3'MtN;5�:;2A5>pd?@�>2A5
5^74:U�^Z^5-,

|-�



� ��� �o	 k8bd^1� `&" \_b ��bd\_`&"
� ��)L"��S�&���=" �o¢ � *���

�6")h �)�e�¡"O)L"#��� /21�30465 t0 ∈ I I S�� =�8 5 7 =�EXEF=BAD=B8 5 ±∞ P.N � E 3 J!: E � � 3 7	J@CL= C M 3 : :��>GH=
7	8�= CBJ � 8 � � = 4 8�� 8 4 = � 7 � 3.4 : 4 8 � �H=QG9= t0 : 4 � 72A 3.4 8?:
E � 7	8�=QG9=!:QGH=�7 � � 3 8 � 56463 8 : X = 5 Y 5 =B8 G �0=�J :
±∞ � 7 � 8 G t→ t0 N
	�

���!�m$&���&���m" �c¢ � � 8 :�7 MHM 3 :@= � 7 = C � 798�=
C�J � 8 � �?= 4 8�� 8 4 = =�8 t0 N � E 3 J!: �
I � P 1%4 limt→t0 X(t) = a ∈ R = 5 limt→t0 Y (t) = ±∞ [ � E 3 J : E � G0J 3.4X5 =WG � S � 7 � 564 3 8 (x = a) =!: 5
� : 
 A M 5K3�5 = � =BJ 564 � � ET= �QE � � 3 7	J CL= C �
I � P 1%4 limt→t0 X(t) = ±∞ = 5 limt→t0 Y (t) = b ∈ R [ � E 3 J : E � G0J 30465 =2G � S � 7 � 56463 8 (y = b) =!: 5
� : 
 A M 5K3�5 = � 3 J 4 � 3 8 5 � EF=��QE � � 3 79J CL= C �
I � P 1 4 limt→t0 X(t) = ±∞ = 5 limt→t0 Y (t) = ±∞ [ � E 3 J!: 3 8�S 5 7 G 4 = E � E 4 A 465 =�GH= Y (t)/X(t) �
I � P : 4 =�EXEF= � � 7 5 m ∈ R∗ = 5 : 4 limt→t0(Y (t) −mX(t)) = p ∈ R

� E 3 J!:DE � G.J 30465 = G � S � 7 � 56463 8 (y =

mx + p) =!: 5 � : 
 A M 5K3.5 = 3 C�E 4	� 7 = � E � � 3 79J CL= N 1%4 8 3 8?[ : 30465 E � E 4 A 465 = GH= (Y (t) −mX(t)) =!: 5 4 8�� 8 4 =
I CBJ � 8 � � = M � J � C 3 E 4 � 7 = GH=
G 4 J>= � 56463 8 −→

i +m
−→
j P�[&: 3.4X5 =�E ET= 8 � = � 4 : 5 = M � :��

I C P : 4 =�EXEF= � � 7 5 0 [ � E 3 J : E � � 3 79J CL= � G0AQ= 5 7	8�= C�J � 8 � �?= M � J � C 3 E 4	� 7?= G9=�G 4 JL= � 564 3 8 (Ox) �
I � P : 4 =�EXEF= � � 7 5 ±∞ [ � E 3 J : E � � 3 7	J@CL= � G0AQ= 5 798�= C�J � 8 � � = M � J � C 3 E 4 � 7?=DGH=
G 4 JL= � 564 3 8 (Oy) N
�_lc�'fk�����6¢

C3 :

{
x = 2t

1+t3

y = 2t2

1+t3

, t ∈ R \ {−1}.

� X(1/t) = Y (t)
5>M
Y (1/t) = X(t)

N;0�36ZQ0�3 :U5>9;M�7�5_Z^0�3'MA5>3�MA5>2YNoq <>M496NF?@5>2
F
749;2

]− 1, 1[
:;9;?@7�E�R
?.2A5

9;365�7 ��pg<>M424?@5Q:�R
2z2�R
:;:U0�24M_�TPSR :;2A5>pd?@�>2A5DC;?@7�7A5^Z>M424?@Z^5�NF9�:;PSR
3c,
� X

5>M
Y
7A0�3�MQN;58Z>PSR�7�7A5 C∞ ,��!0�?@Z>?#P@5OM�R
C;P@5�R
9eN;5O]-R
24?SR
M4?@0�3eN;5OZ^5^7tN;5>9F{ EG0�36Z>M4?@0�367 � ]j0�?.2_PSRgu6�-9;2A5

:U0�9;2xP@5DM42�R�Z^<�N;5QPSRdZ^0�9;24CU5��Q[
t

��+ �
2−1/3 +

X ′(t)
� � � � −1/2

X(t) −∞ ↗ � ↗ ↘ +
Y (t) +∞ ↘ � ↗ ↗ +
Y ′(t)

� � � � +���I

�
X_9�]j0�?@74?.3�R
�j5�N;5 −1

B;?.PUE�R
9;Mz<>M496NF?@5>2YPSRTC;2�R
36Z��65�?.3Fu63;?@5 [
lim
t→−1

Y (t)

X(t)
= −1

5>Mz}'9�R
36N
t→ −1

B

Y (t) +X(t) = −2

3
+

2

9
(t+ 1)2 + o((t+ 1)2).

sQ0�36ZQPSR NF2A0�?.MA5�Noq <^}'9�R
M4?@0�3
(y = −x− 2/3)

5^74MYR�7 ��pd:;MA0�MA5D0�C;P.?@}�965��TPSR Z^0�9;24CU5 C3
,Fst5Q:;P.967&B C3

5^74M
R
9F��N;5^7A74967YN;5�Z^5>M4MA58R�7 ��pd:;MA0�MA5 � Z�R
2 2

9(t+ 1)2 > 0
�v,
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K�0�9;2YMA0�967
n ∈ N

B
α ∈ R

B

exp(x) =
x→0

n∑

k=0

xk

k!
+ o (xn) = 1 + x+

x2

2
+
x3

6
+ · · · + xn

n!
+ o (xn)

ZA�
(x) =

x→0

n∑

k=0

x2k

(2k)!
+ o

(
x2n+1

)
= 1 +

x2

2
+
x4

24
+ · · · + x2n

(2n)!
+ o

(
x2n+1

)

74�
(x) =

x→0

n∑

k=0

x2k+1

(2k + 1)!
+ o

(
x2n+2

)
= x+

x3

6
+

x5

120
+ · · · + x2n+1

(2n+ 1)!
+ o

(
x2n+2

)

sin(x) =
x→0

n∑

k=0

(−1)k
x2k+1

(2k + 1)!
+ o

(
x2n+2

)
= x− x3

6
+

x5

120
+ · · · + (−1)n

x2n+1

(2n+ 1)!
+ o

(
x2n+2

)

cos(x) =
x→0

n∑

k=0

(−1)k
x2k

(2k)!
+ o

(
x2k+1

)
= 1 − x2

2
+
x4

24
+ · · · + (−1)n

x2n

(2n)!
+ o

(
x2n+1

)

tan(x) =
x→0

x+
x3

3
+

2

15
x5 + o(x6)

1

1 − x
=
x→0

n∑

k=0

xk + o (xn) = 1 + x+ x2 + · · · + xn + o (xn)

ln(1 + x) =
x→0

n∑

k=1

(−1)k−1x
k

k
+ o (xn) = x− x2

2
+
x3

3
+ · · · + o (xn)

(1 + x)α =
x→0

n∑

k=0

α(α − 1) · · · (α− k + 1)

k!
xk + o (xn)

=
x→0

1 + αx+
α(α− 1)

2
x2 + · · · + α(α− 1) · · · (α− n+ 1)

n!
xn + o (xn) .
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	 * � �m"#h-�&���m" hj�m"=�=�jlc� / � 8 � 3 8?: 4 G �BJ>= 798�= � 3 8 � 56463 8 f GHS � 8 4 = :�79J
7	8 4 8 5 =BJ � � E ET= I N
� E 3 J : f =�: 5 G 4X5 = Z^0�3']j5v{F5 : 4 M 3 79J 5K3 7H: a, b ∈ I = 5 5K3 7 5 t ∈ [0, 1] [ 3 8 �

f(ta+ (1 − t)b) ≤ tf(a) + (1 − t)f(b).

� 3 J : � 7?= (−f) =!: 5 � 3 8 � = � =![ 3 8WG 4X5 � 7?=�E � � 3 8 � 56463 8 f =!: 5 Z^0�36Z�R�]j5 N
� �'fk�;
 �c%#�6¢ ¦15>M4MA5�N;<vu63;?.M4?@0�3T74?.�-3;?�u�5!�j<^0�pg<>M424?@}'965>pg5>3�M�}�965!PSRxZ^0�9;24C=5!2A5>:;2A<^7A5>3�M�R
M4?.]j5�N;5LPSR1EG0�36Z>M4?@0�3
f
N6R
367z9;3 2A5>:U�>2A5�5^74Mz5>3F��N;5^7A7A0�967_N;5^7zZ^0�2AN;5^7z2A5>P.?SR
3'MYN;5>9F{ :=0�?.3'MA7YN;5QPSRdZ^0�9;24CU5-,

�
�#���m
���fk���o¢ � *�hj�;

�;h-����
���$��F�&���m"#$ ������� hj�="=�m��l)�S��� / � 8�� 3 8?: 4 G ��JL= 7	8�= � 3 8 � 56463 8 f GHS � 8 4 = :�79J
7	8 4 8 5 =�J�� � EXEF= I N
I � P f =!: 5 � 3 8 � = � =�: 4 = 5 : =�79ET=�AQ=�8 5 : 4 M 3 79J 5K3 7H: a < b < c ∈ I [ 3 8 �

f(b) − f(a)

b− a
≤ f(c) − f(b)

c− b
;

I � P � 3 J : � 7?= f =!: 5 GHSBJ 4 � � C�ET= :!7	J I [ f =!: 5 � 3 8 � = � = : 4 = 5 :@=�7	ET=�AQ=�8 5 : 4 f ′ =!: 5 798 =	� 3 8 � 564 3 8 �BJ 304 : : � 8 5 =
:!7	J I �
I � P � 3 J : � 7?= f =!: 5 GH=�7 � � 304 : GHS�J 4 � � C�ET= :�79J I [ f =!: 5 � 3 8 � = � = : 4 = 5 :@=B79ET=�AQ=�8 5 : 4 f ′′(x) ≥ 0 M 3 7	J 5K3 7 5
x ∈ I �
I �.P � 3 J : � 7 = f =!: 5 GHSBJ 4 � � C�ET= :!7	J I [ f =!: 5 � 3 8 �0= � = : 4 = 5 :@=�7	ET=�AQ=�8 5 : 4 E � � 3 7	J@C =�J>=UM�J>S!: =�8 5 � 564 � = GH= E �
� 3 8 � 564 3 82G � 8?: 7	8 JL=UM ��JL=D=!: 5 � 79< GH=!: :�7H: GH= : =!: 5 � 8 �9=�8 5 =!:![ � � =!: 5 < �0< G 4 JL= M 3 7	J 5K3 79: x, y ∈ I [

f(y) ≥ f(x) + (y − x)f ′(x).

	�

�'%)�m��¢ � +�� 
_3d749;:;:=0-7�5
f
Z^0�3�]j5v{;5x5>M�0�3dZ^0�3674?@N;�>2A5

a < b < c ∈ I
, \ 3 :�R
24M4?@Z>9;P.?@5>2�B

b = ta+(1−t)cR^]j5^Z
t = (c− b)/(c − a) ∈ [0, 1]

, \ 3�:�R
24M4?@Z>9;P.?@5>2�B

f(b) = f(ta+ (1 − t)c) ≤ tf(a) + (1 − t)f(c) =
c− b

c− a
f(a) +

b− a

c− a
f(c),

N;0�36Z�5>3�<^Z>24?.]-R
3�M
f(b) = (t+ (1 − t))f(b)

B60�3�0�C;M4?@5>3�M

c− b

c− a
(f(b) − f(a)) ≤ b− a

c− a
(f(c) − f(b)).
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P.?.MA< N;5 � +��D]j<>24?�u�<^5 5>M 0�3 ]j5>9;MT2A5>M42A0�9;]j5>2TPSR N;<vu63;?.M4?@0�3 N;5gPSR
Z^0�3�]j5v{F?.MA<8N;5

f
[;0�3 Z^0�367A?@N;�>2A5

a < c
5>M
t ∈ [0, 1]

B6:;9;?@7Y0�3 :=0-7A5
b = ta+ (1 − t)c

5>MY0�3 :;2A0'Z^�^N;58N;5
p�
>pg5�}'965Q:;2A<^Z^<^N;5>pdpg5>3�M�BU5>3���2A5>pg0�3�M�R
3'M � P@5^7x?.36<>��R
P.?.MA<^7�,� I�� 
_3g749;:;:U0-7A5

f
Z^0�3�]j5v{;5x5>M!N;<>24?.]�R
C;P@5z5>M!0�3g7�0�9;��R
?.MA5xpg0�3�M42A5>2�}'965

f ′
5^74MLZ>2A0�?@7A7�R
3�MA5-, 
_3 Z^0�3674?@N;�>2A5

x < y ∈ I
,=s qJR
:;2A�^7QPSR Z�R
2�R�Z>MA<>24?@7�R
M4?@0�3�EG0�9;243;?@5T:�R
2 � +��zN;5TPSR Z^0�3�]j5v{F?.MA<-Bo0�3 R :U0�9;2_MA0�9;M

h > 0
MA5>P

}'965
x < x+ h < y − h < y

B
f(x+ h) − f(x)

h
≤ f(y) − f(y − h)

h
.

nc0�2A7A}'965
h
MA5>36Ni]j5>2A7

0
BLP@5 MA5>24pg5�N;5 ��R
96Z��65�MA5>36N ]j5>2A7

f ′(x)
5>M Z^5>P.9;?_N;5 NF2A0�?.MA5-BL]j5>2A7

f ′(y)
, \ 3

Z^0�36Z>P.9674?@0�3cB
f ′(x) ≤ f ′(y)

,
�_<^Z>?.:;2A0'}'965>pg5>3�M�B'0�3 749;:;:U0-7A5

f ′
Z>2A0�?@7�7�R
3�MA5z5>M�0�3g]j5>9;M!pg0�3�M42A5>21}�965

f
5^74M!Z^0�3']j5v{F5O[-5>3g9;M4?.P.?@7�R
3'M

PSR Z�R
2�R�Z>MA<>24?@7�R
M4?@0�3 � +�� N;5�PSR�Z^0�3']j5v{�?.MA<-B_7A0�?@5>3�M
a < b < c ∈ I

,xX_P@0�2A7�NoqJR
:;2A�^7 PSR�EG0�24p89;P@5kN;5^7
R�Z^Z>2A0�?@7A7A5>pg5>3'MA7zu63;?@7_R
:;:;P.?@}�96<^58�

f
749;2xP�q ?.3'MA5>24]�R
P.P@5

[a, b]
B6?.Pc5v{F?@74MA5

α ∈]a.b[
MA5>P)}�965

f ′(α) =
f(b) − f(a)

b− a
.

sQ5Qp�
>pg5-B6?.Pc5v{F?@74MA5
β ∈]b, c[

MA5>Pc}�965

f ′(β) =
f(c) − f(b)

c− b
.

¦10�pdpg5
f ′
5^74M_Z>2A0�?@7A7 R
3�MA5-BU0�3eR

f ′(α) ≤ f ′(β)
5>MQ0�3�5>3�N;<^NF9;?.MtP�q ?.36<>��R
P.?.MA<TN;5 � +��vBmZ^5T}'9;?)?.pd:;P.?@}'965

}'965
f
5^7AMzZ^0�3�]j5v{;5-,

� y9� 
_3e749;:;:U0-7A5
f
Z^0�3�]j5v{;5T5>M_0�3�7�0�9;��R
?.MA58pg0�3'M42A5>2_P�q ?.36<>��R
P.?.MA<TN;5 � y9�v,Uw�0�?@5>3�M

x < y ∈ I
5>M
h > 0

,
X_P@0�2A7zNoqJR
:;2A�^7zP�q ?.36<>��R
P.?.MA<ON;5 � +��xR
:;:;P.?@}�96<^5O�

a = x− h
B
b = x

5>M
c = y

B;0�3�R
f(x) − f(x− h)

h
≤ f(y) − f(x)

y − x
,

5>MQP@0�2A7A}'965
h
MA5>36Ne]j5>2A7

0
BU0�3�0�C;M4?@5>3'MDC;?@5>3

f ′(x)(y − x) + f(x) ≤ f(y)
, 
_3epg0�3�M42A5 P�q ?.36<>��R
P.?.MA<dN;5

� y9�1:U0�9;2
y < x

5>3�R
:;:;P.?@}�9�R
3'M � +����
a = y

B
b = x

5>M
c = x+ h

,
�_<^Z>?.:;2A0'}'965>pg5>3�M�B=0�3 749;:;:U0-7A5�}'965DP�q ?.36<>��R
P.?.MA<TN;5 � y9�x5^74MY2A<�R
P.?@7A<^585>MY0�3�]j5>9;Mzpg0�3�M42A5>2Q}'965

f
5^74M

Z^0�3�]j5v{;5Q5>3 9;M4?.P.?@7 R
3�M1PSR8Z�R
2�R�Z>MA<>24?@7�R
M4?@0�3�N;5 � +��v,;w�0�?@5>3�M
a < b < c ∈ I

,'XY:;:;P.?@}'960�3671P�q ?.36<>��R
P.?.MA<QN;5 � y9�
�
x = b

5>M
y = a

[
f(a) ≥ f(b) − (b− a)f ′(b).

sQ5Qp�
>pg5-B�5>3 R
:;:;P.?@}'9�R
3�M_P�q ?.36<>��R
P.?.MA<8N;5 � y9���
x = b

5>M
y = c

B60�3�R

f(c) ≥ f(b) + (c− b)f ′(b).

K�R
2YZ^0�367A<^}'965>3�M�B�0�3�5>3�N;<^NF9;?.MY}�965
f(b) − f(a)

b− a
≤ f ′(b) ≤ f(c) − f(b)

c− b
.2

�_lc�'fk������$z���@�¡")�'���6�¡������$Y���Thj�m"=�=�jl)�����6¢ n#RxEG0�36Z>M4?@0�3
exp
5^74M�Z^0�3�]j5v{;5�7A9;2

R
Z�R
2�7�RYN;<>24?.]j<^5�7�5^Z^0�36N;5

5v{F?@74MA5O5>MD5^74MQ:U0-74?.M4?.]j5-,=K�R
2�Z^0�367A<^}'965>3�M�BUPSR Z^0�9;24CU5T2A5>:;2A<^7A5>3�M�R
M4?.]j5gN;5OPSR E¡0�36Z>M4?@0�3 5v{F:=0�365>3'M4?@5>P.P@5g5^74M
R
9F��N;5^7A74967YN;5�7�RTM�R
3;�j5>3�MA5TR
9�:U0�?.3�MYNoqJR
C67AZ>?@7�7A5

0
B6Z-q 5^74M�� �(��NF?.2A5

exp(x) ≥ 1 + x, x ∈ R.
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n)R EG0�36Z>M4?@0�3
f : x 7−→ ln(1 + x)

5^74M�Z^0�36Z�R�]j5 749;2
] − 1,+∞[

Z�R
285>P.P@5g5^7AM�N;5>9F{eEG0�?@7�N;<>24?.]-R
C;P@5-BcN;5
N;<>24?.]j<^5�7A5^Z^0�36N;5

f ′′(x) = − 1
(1+x)2

< 0
B
x > −1

,�K�R
2 Z^0�367A<^}'965>3�M�B!PSR�Z^0�9;24C=5 5^74Md5>3 :�R
24M4?@Z>9;P.?@5>2
5>3F��N;5^7A7A0�967YN;5�7�RTM�R
3;�j5>3�MA5TR
9�:U0�?.3�MYNoqJR
C67AZ>?@7�7A5

0
B6Z-q 5^74M�� �(��NF?.2A5�}'965

ln(1 + x) ≤ x, x > −1.

n)R EG0�36Z>M4?@0�3
sin
5^7AM8Z^0�36Z�R^]j5 749;2

[0, π]
Z�R
285>P.P@5 5^74M8N;5>9F{�E¡0�?@7ON;<>24?.]�R
C;P@5-B)N;5 N;<>24?.]j<^5 7�5^Z^0�36N;5 − sin}'9;?15^74MT9;365 E¡0�36Z>M4?@0�3 36<>��R
M4?.]j5 749;2 Z^5>MO?.3'MA5>24]�R
P.P@5-, \ 3 :�R
24M4?@Z>9;P.?@5>2�B�PSR�Z^0�9;24C=5 2A5>:;2A<^7A5>3�M�R
M4?.]j5 N;5 PSR

EG0�36Z>M4?@0�3
sin
5>3�M42A5

0
5>M
π/2

5^74Mt74?.M496<^5T5>3F��N;5^7A7A0�967QN;58PSR M�R
3;�j5>3�MA5d� PSRgZ^0�9;24CU5TR
9e:U0�?.3�MQNoqJR
C67AZ>?@7A7A5
0
5>MYR
9F��N;5^7A74967YN;5DPSR Z^0�2AN;5D2A5>P.?SR
3�M_P@5^7x:U0�?.3�MA7YNoqJR
C67�Z>?@7A7A5^7

0
5>M
π/2
,�
_3 0�C;M4?@5>3'MtR
?.3674?

2

π
x ≤ sin(x) ≤ x, x ∈ [0, π/2].
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��� � � ��� � � � � �

�� 
 �

� ��)L"��S�&���=" �o¢¡��� *��m%)�m�'
&��$0/ � 8 � 3 8?: 4 G ��JL= 7	8 : 3 79:!<>=�8?: =�AQC�EF= O GH= E � =�8?: =�AQC�ET= R GH=!: 8 3 ADCBJ>=!:
JLSL=�E :@N O =!: 5 G 465 0�9;]j5>24M G � 8?: R : 4

∀x ∈ O,∃ε > 0; ]x− ε, x+ ε[⊂ O.

�_lc�'fk�����k�m¢ ∅ 5>M R
7�0�3�MYN;5^7_7A0�967���5>367A5>pOC;P@5^7Y0�9;]j5>24MA7YN;5

R
,

�_lc�'fk����� ao¢ w�0�?@5>3�M
a, b
N;5>9F{ 360�p8C;2A5^7T2A<^5>P@7�MA5>P@7O}�965

a < b
,cX_P@0�2A7�P�q ?.3'MA5>24]�R
P.P@5

O =]a, b[
5^74M89;3

0�9;]j5>24M N;5
R
, \ 3 5�]o5>M�B�7A0�?.M

x ∈]a, b[
, 
_3 :U0-7A5

ε = min(x − a, b − x) > 0
5>M pg0�3'M42A0�367�}'965

]x− ε, x+ ε[⊂ O
[;7A0�?.M

y ∈]x− ε, x+ ε[
,�
_3�RdR
P@0�2A7

a ≤ x− ε < y < x+ ε ≤ b,

7A0�?.M
y ∈]a, b[

, 
_3�R�N;0�36Z C;?@5>3 :;2A0�9;]j< }�965
]a, b[

5^74M 9;3i5>367A5>pOC;P@5 0�9;]j5>24M N6R
367
R
,LsQ5 PSRep�
>pg5

p R
3;?@�>2A5-B6MA0�9;Mx?.3'MA5>24]�R
P.P@5ONF9�M ��:U5
] −∞, b[

0�9
]a,+∞[

B
a, b ∈ R

B;5^7AMz0�9;]j5>24M_N6R
367
R
,

�_lc�'fk����� �c¢ \ 3 2A5>]�R
36Z��65-B
]−∞, b]

3cq 5^74M�:�R�7�0�9;]j5>24M�N6R
367
R
, \ 3 5�]U5>M�B�:;2A5>360�367

x = b
,�X_P@0�2A7�:U0�9;2

MA0�9;M
ε > 0

B
]b− ε, b+ ε[

3cq 5^74M1:�R�7�?.36Z>P.9671N6R
367
]−∞, b]

Z�R
2�5>3 :�R
24M4?@Z>9;P.?@5>2�B'P@5Y360�p8C;2A5
y = b+(ε/2)3cq 5^74M1:�R�7�N6R
367

]−∞, b]
,�sQ5tp�
>pg5-B'P@5^7�?.3�MA5>24]-R
P.P@5^7zNF9 M ��:=5

]a, b]
0�9

[a, b[
0�9

[a, b]
0�9

[a,+∞[
R
?.3674?

}'965QP@5^7z74?.3;�-P@5>MA0�367 {a} R^]j5^Z a < b ∈ R
365D7A0�3'Mz:�R�7Y0�9;]j5>24MA7&,
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